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DELETION-CONTRACTION TRIANGLES FOR HAUSEL-PROUDFOOT VARIETIES 


ZSUZSANNA DANCSO, MICHAEL MCBREEN, AND VIVEK SHENDE 


ABSTRACT. To a graph, Hausel and Proudfoot associate two complex manifolds, % and D, which 
behave, respectively like moduli of local systems on a Riemann surface, and moduli of Higgs bun- 
dles. For instance, 93 is a moduli space of microlocal sheaves, which generalize local systems, and 
® carries the structure of a complex integrable system. 

We show the Euler characteristics of these varieties count spanning subtrees of the graph, and 
the point-count over a finite field for 5 is a generating polynomial for spanning subgraphs. This 
polynomial satisfies a deletion-contraction relation, which we lift to a deletion-contraction exact 
triangle for the cohomology of $8. There is a corresponding triangle for Э. 

Finally, we prove $8 and Э are diffeomorphic, that the diffeomorphism carries the weight filtra- 
tion on the cohomology of % to the perverse Leray filtration on the cohomology of 2, and that all 
these structures are compatible with the deletion-contraction triangles. 
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1. INTRODUCTION 


93, the locus С? \ {1 + zy = 0}, the first nontrivial multiplicative quiver variety, 
the moduli of microlocal sheaves on a singular Lagrangian torus. 


5), a neighborhood of the nodal elliptic curve in its versal deformation, the sim- 
plest degeneration in a complex integrable system, a local model for 4-dimensional 
hyperkáhler geometry. 


Each of the above spaces is the progenitor of a family, with one member for each Г a connected 
multigraph with loops. The initial examples are those associated to the graph (>. These families 
were introduced by Hausel and Proudfoot [HP], where they observed that % and Э are analogous 
to moduli of local systems and the moduli of Higgs bundles on an algebraic curve, respectively, 
and conjectured the existence of diffeomorphisms B(T) = 9(Г), analogous to the nonabelian 
Hodge correspondence. 

That correspondence [S1, S2, S3] relates three perspectives on nonabelian Lie-group valued 
cohomology: locally constant sheaves (Betti), bundles with connection (de Rham), and Higgs 
bundles (Dolbeault). We are most interested in the case where the underlying variety is an algebraic 
curve C, and in the (non-complex-analytic!) diffeomorphism between the moduli М g(C, n) of 
rank n locally constant simple sheaves, i.e. simple representations л(С) > GL,,(C), and the 
moduli М5(С, n) of stable rank n Higgs bundles. The Higgs bundle moduli carries Hitchin's 
integrable system, Н: M5(C,n) — A, where A parameterizes n-multisections of T*C (‘spectral 
curves’) [НІ, H2]. The fiber over the point corresponding to a smooth spectral curve > is its 
Jacobian J(*X). 


We believe B(T) and 9 (Г) are in some sense microlocal versions of the nonabelian cohomology 
spaces, and give some ideas in this direction in Remark 1.2.2. In any case, Hausel and Proudfoot 
conjectured the following relationship between them, which we establish: 


Theorem 1.0.1. (71.1.6) For any graph Г, there is a canonical homotopy equivalence induced by 
a non-canonical open embedding 9 (V) с B(T). 


Remark 1.0.2. The results of the present article are cohomological in nature, so do not depend 
on the precise geometric details of the embedding above; in fact we construct a family of such 
embeddings depending on various parameters, and any of these may be used. For purely moti- 
vational purposes (to sharpen the analogy with the nonabelian Hodge correspondence), we note 
the following possibilities. 9 (Г) carries a (not complete) hyperkáhler metric, and in particular a 
twistor sphere of complex structures. Using Theorem B.0.1, it is possible to choose the embedding 
D(T) C B(T) such that the complex structure on B(T) restricts to one of the complex structures 
on D(T), different from the опе in which 2 admits a holomorphic integrable system. It is also 
possible to deform the open embedding to a (not especially natural) diffeomorphism, by using 
Proposition 11.1.9. 


Recall that the Grothendieck ring of varieties is formally generated by varieties, subject to the 
relation |X| = |X VY | - |Y | when Y is a subvariety of X, and we write | X |, |У |, etc. to denote the 
class in the Grothendieck ring. The ring structure descends from the cartesian product of varieties. 


Theorem 1.0.3. The following identities hold in the Grothendieck ring of varieties: 
(1) |B(Q)| =L’?-L+1 
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|5(Г/е)| e is a bridge 
(2) IBT) = « IBT X e)| - |[8(C9)] e is a loop 
I8(PNe)|-IL 4 |8(l/e)| otherwise 
(3) B= УХ (L-A) 
I'€Span(1) 


In particular, the Euler characteristic of (Г) is the number of spanning subtrees of Y. 


Here, (1) is elementary, and (3) follows from (1), (2), and general facts about the Tutte polyno- 
mial [Bol, Chap. 10, Thm. 2]. Theorem 1.0.3 is proven in Section 6.4. 


Let us recall the relationship between the Grothendieck ring of varieties and cohomology. The 
cohomology of any algebraic variety X carries two filtrations; a decreasing ‘Hodge’ filtration and 
an increasing ‘weight’ filtration [Del1, Del2, Del3]. We are interested here in the latter; its ?'th step 
on the 7'th cohomology group is denoted W; H’ (X), and the associated graded spaces are denoted 
by gr!" H? (X). One records these dimensions in the mixed Poincaré polynomial: 


Pad =}. 4 dim дт H?(X) 
ij 
Under specializing q — 1, one recovers the usual Poincaré polynomial. There is an analogous 
construction with compactly supported cohomology, РХ (0, t). When X is smooth, one has the 
Poincaré duality РХ (q, t) = (922) PX (q71. 171), In any case, РХ (q, —1) factors through the 
Grothendieck ring. 

In [HRV], the quantity P*(q, —1) was determined for the character varieties M в(С), and also 
for twisted versions corresponding to Higgs bundles of nonzero degree.! These explicit formulas, 
together with the complete description of the cohomology for GL(2), led to a conjectural formula 
for the full mixed Hodge polynomial. Inpsection of the conjectural formula suggested certain 
curious properties of the cohomology [HRV]. 

The remarkable “Р = W” conjecture of [QCHM] was proposed to explain these curiousities. 
The setup is as follows. Given any map of algebraic varieties f: X — A, there is a filtration on 
H*(X) S H*(A, Rf. Cx) arising from truncation of Rf. C x in the (middle) perverse t-structure on 
A; this is termed the perverse Leray filtration. The P = W conjecture asserts that under Simpson's 
correspondence, the weight filtration on the character variety goes to the perverse Leray filtration 
associated to Hitchin's integrable system on the moduli of Higgs bundles. This conjecture was es- 
tablished in [dCHM] in the G.L(2) case, and very recently for any rank on a genus 2 curve [dCMS]. 
One of its original motivations, the ‘curious Hard Lefschetz’ conjecture, is now established [Mel]. 
Some additional special cases have been verified [SZ, Szi], and some tests of structural predictions 
verified [ACM]. A certain limit of the conjecture appears to be related to a comparison of limit- 
ing behavior of the Hitchin fibration with the geometry of the boundary complex of the character 
variety [S5]. Relationships between perverse and weight filtrations have also been found in other 
settings of hyperkáhler geometry [аСНМ2, Har, HLSY]. In particular, the 4-real-dimensional ex- 
amples of the spaces under investigation here were studied in [Z]. A similar sounding (but at 
present not directly related) statement has been found in homological mirror symmetry [HKP]. 


'THRV] does not compute classes in the Grothendieck ring, and in fact these remain unknown. Instead, they determine 
РХ (q, —1) by counting points over finite fields. 
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The original conjecture remains open in the general case. It is unclear what is the natural setting 
or generality for this conjecture. 

In our setting, the space D (Г) is the central fiber of a certain natural family; we may correspond- 
ingly equip its cohomology with a perverse filtration. Meanwhile, B(T) carries a weight filtration, 
due to being an algebraic variety. We will prove: 


Theorem 1.0.4. (11.2.6) The homotopy equivalence 9(Г) < B(T) carries the the weight filtra- 
tion on H* (%(Г)) to (twice) the perverse Leray filtration on Н*(9(Г)). 


To our knowledge, all other known instances of P — W are proven by computing both sides; e.g. 
by finding generators and relations of the cohomology ring, matching filtrations on generators, and 
proving multiplicativity of the perverse filtration [аСНМ, dCMS]. By contrast, we do not know 
generators for the cohomology ring, much less relations. While we know PZ) (q, —1), we do not 
have even a conjecture for P? ©) (q, t), or of the analogous perverse Poincaré polynomial of D (Г). 

Instead we proceed by upgrading the deletion-contraction relations of Theorem 1.0.3 to deletion- 
contraction exact triangles. By the end we will have shown: 


Theorem 1.0.5. (6.3.5, 8.5.3, 11.3.1, 11.3.2) For any edge е which is neither a loop nor a bridge, 
there are deletion-contraction long-exact sequences, intertwined by pullback along 9(Г) <» B(T). 


—> H*?(8(PVe), Q)(-1) — H*(88(D), Q) — H*(8(D/e),Q) —> 


| | | 


—> HDT \ e), Q-1) —> F(T), Q) — Н'(®(Г/е),О) —> 


The sequences are strictly compatible with the weight and perverse Leray filtrations, respectively. 
The (—1) and {—1} indicate shifts of these filtrations. 


The existence of the intertwined long exact sequences is nontrivial, but in some sense it is 
proven by pure thought, using the excision triangle on the top, the nearby-vanishing triangle at the 
bottom, and geometric arguments for commutativity of the diagram. One would like to conclude 
compatibility with filtrations by induction on the size of the graph. This does not immediately 
work, for two reasons. The first: we do not know a pure thought argument that the Dolbeault 
sequence is strictly compatible with the perverse Leray filtration; in fact, we will only learn this at 
the very end of the paper. The second: even had we known this, there is the following difficulty: 
consider two short exact sequences of filtered vector spaces, maps strictly compatible with the 
filtration. Suppose given an isomorphism of the underlying short exact sequences, which respects 
the filtration save on the middle term. Must it respect the filtrations on the middle term? Alas, no. 

To deal with these difficulties we introduce yet a third filtration, which is defined only in terms 
of the deletion maps. 


Definition 1.0.6. (Deletion filtration) Let Graph? be the category whose objects are connected 
oriented graphs and whose morphisms are inclusions whose complement contains no loop. Let 
grab be the category whose objects are graded abelian groups, and whose morphisms are arbitrary 
(not graded) abelian group morphisms. Let 


A* : Graph? — grab 


be a covariant functor such that A*(I" — Г) has degree 2|Г| — 2|T"|, i.e., the corresponding map 
A*(T^(2|I^]] + А (Г) [Г] has degree zero. 
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If Г has only loops and bridges, then we define 0 = D; ;(A(T)) C D;(A(T)) = A*(T). 
Otherwise, we set 


D, ,A'(T) = Span((image( A™=*(T")) | |F \ Г] = &}) 


Here the span is over all maps I" > Г. 


It is immediate from the definition that D, is (not necessarily strictly) preserved by all maps 
AT cI’): ATII} > А(Г) Г} where {-} indicates a shift of the filtration. It is also 
evident that it is the minimal such filtration. 

Once we have shown the deletion maps act identically on the cohomology of the B(T) and 
9 (Г), it follows that the corresponding deletion filtrations must agree on the 95 and D sides. Thus 
it remains to show the deletion filtration agrees with the weight and perverse filtrations. This proves 
to be rather involved; our argument depends on introducing a combinatorial model in which the 
third filtration is manifest, and then arguing on each side that this combinatorial model can be 
realized by some (rather different on the two sides) geometric construction. 


1.1. Outline. We begin in Section 3 by recalling from [MSV] the combinatorial description of a 
certain complex Є(Г) associated to any graph. This complex will turn out to have geometric inter- 
pretations both as the cohomology of B(T), and of (I). Nevertheless in Section 3 we confine 
ourselves to a purely combinatorial discussion. We construct explicitly the deletion-contraction fil- 
tration exact sequence, and note some of its properties. In particular, we observe that the deletion- 
contraction sequences themselves induce a filtration on the cohomology. A key point about Є(Г) 
is that the resulting filtration is easy to describe. 

In Section 4 we adapt the formalism of moment maps and symplectic reduction to situations 
when no symplectic structure is present. Symplectic reduction applies in the situation of a group 
G acting on a symplectic manifold with moment map u: X — g* (which, together with the 
symplectic structure, encodes the group action). Here we consider arbitrary spaces X with an 
action of a group G preserving a map и: X — A to an abelian group A; we call such things 
(С, А)-ѕрасеѕ. The map и in no way encodes the group action. 

Nevertheless, given a (С, A)-space X, we can define its reduction X /,єд С :— qu !(y)/G. 
Given two (С, А)-ѕрасеѕ X,Y, we can form a product (С, A)-space X e Y. Similarly, we can 
form the quotient X xY = X èe Y // С. This construction is ‘functorial’, meaning that a map 
Y' + Y induces a map Хх Y' 2 X «Y. 

In Section 5 we build spaces from graphs. From апу (С, А)-ѕрасе X together with a graph Г 
and an element 7, € A for each vertex of Г, we construct a space X(T, л) in Section 5.1. In 
particular, X is recovered from the one-loop graph: X = Х(С%). 

Given an edge e іп Г, we form new graphs Г/е and Г \ e by contracting (resp. deleting) е. 
Our main tools for studying X (Г) are the two relations of the form Х(Г/е) х X = X(T) and 
Х(Г/е) x point = X(T \ e). 

In Section 6 we turn our attention to the spaces B(T). They are built from the basic space 
$8 = С? \ {ry +1 = 0}. Using functoriality of the ж product, we turn properties of 93 into 
properties of B(T). In Section 6.3, we use this to obtain the Berti deletion-contraction sequence 


2 H? (B(T \ e), Q(-1)) > H° (B(T), Q) > m'(5(T/e), Q) ^ 
The key geometric construction is an embedding of a line bundle over B(T \ e) into B(T), with 


complement B(T /е). The resulting long exact sequence of a pair is our deletion-contraction se- 
quence. The same geometry immediately implies Equation (2) above. 


8 ZSUZSANNA DANCSO, MICHAEL MCBREEN, AND VIVEK SHENDE 


The deletion maps equip the cohomology of B(T) with a deletion filtration. The deletion maps 
are induced by maps of algebraic varieties, hence respect the weight filtration; minimality of the 
deletion filtration implies it is bounded by the weight filtration. In fact, they are equal; to prove 
this we construct an explicit complex of differential forms, which on the one hand is sensitive to 
the weight filtration, and on the other, can be identified with the complex Є(Г), compatibly with 
deletion-contraction. The deletion filtration is explicit on @(Г), allowing us to conclude. 

In Section 8, we turn to ће Dolbeault space 9(Г). The special case D = D(C) is the Tate 
curve, and the more general spaces are degenerating families of abelian varieties built as subquo- 
tients of powers of D(C). We study these spaces in families; in particular, there is a family of 
spaces over the unit disk D C C whose general fiber is 9 (Г/е), whose special fiber is homotopic 
to 9 (D), and whose singular locus is homotopic to D(T \ е). The nearby-vanishing triangle gives 
rise, ultimately, to the deletion-contraction sequence in this setting. 

As with the moduli of Higgs bundles, the spaces D(T) have the structure of complex analytic 
integrable systems. We explore this structure further in Section 9, in particular describing the fibers 
and characterizing the monodromy. We need these results to show the deletion maps preserve the 
perverse filtration, hence that the deletion filtration is bounded by the perverse filtration. Addition- 
ally, borrowing a calculation of [MSV], we show that €(I') also computes the cohomology of the 
spaces 9 (I), compatibly with the perverse filtrations. 

Finally in Section 11, we begin comparing % and D. First we construct a smooth embedding 
and homotopy equivalence between the basic spaces, D C $85. Due to the similarity of the con- 
structions of these spaces, this induces a similar inclusion 9(Г) C B(T), thus proving Theorem 
1.0.1 (11.1.6). 

We show in Section 11.3 that the deletion maps are intertwined by D(T) + B(T). The key 
geometric input is a relation between the subspace used in the long exact sequence of a pair (on 
the Betti side) and the vanishing thimble for the degenerating family (on the Dolbeault side). It 
follows immediately that the Betti and Dolbeault deletion filtrations are identified. In particular, 
dimensions of the associated graded pieces of the Dolbeault deletion filtration equal those of the 
€-filtration. Then since Dolbeault deletion filtration is bounded by the perverse Leray filtration, 
but both these have associated graded dimensions matching that of the € filtration, we conclude 
that in fact these filtrations must be equal. Having identified the deletion filtrations with the weight 
and perverse Leray filtrations on the respective sides, we deduce Theorem 1.0.4 (11.2.6). Some 
further geometric considerations give the full intertwining of Theorem 1.0.5. 


1.2. Some additional remarks. 


Remark 1.2.1. More generally, the spaces B(T) and 9(Г) can be (and were originally [HP]) 
defined with an arbitrary integer matrix in place of the adjacency matrix of the graph; in this 
generality they have orbifold points (see Remark 5.3.4.) Deletion-contraction relations have a well 
known generalization to this matroidal setting. We expect that in fact all the results of the paper 
generalize as well, with proofs complicated only by increased bookkeeping. 


Remark 1.2.2. Here we will explain that B(T) and D(T) in some sense model the nonabelian 
cohomology spaces ‘near’ a nodal spectral curve with dual graph Г, and that this, along with our 
results, hints at the existence of a *microlocal' version of nonabelian Hodge theory. 

By microlocal, we mean as always ‘locally in the cotangent bundle’, i.e. locally around the 
spectral curve X C T*C, and correspondingly locally around the corresponding Hitchin fiber, 
itself a multisection of a cotangent bundle 7* Bungy,, (С). 
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Consider a smooth spectral curve. A neighborhood of J(3) inside M5(C, n) will be diffeomor- 
phic (and in fact symplectomorphic) to a neighborhood of the zero section of T*J (£) = Ma(, 1), 
which in turn is — by the abelian case of the nonabelian Hodge correspondence – diffeomorphic to 
M g(3, 1). That is, there is a diffeomorphism between a neighborhood of the Dolbeault data for 
У and the moduli space of Betti data on X. 

We turn to singular spectral curves. Assuming > is a reduced, possibly reducible, curve, the 
Hitchin fiber is a compactification of its Jacobian; we denote it J(). We will be interested in 
the cohomology of this singular fiber. Denoting by Y the normalization of the curve, it is known 
that H*(J(X)) = H*(J(X)) & Р(Х) for some graded vector space D(=) depending only on the 
singularities of ©. 

Here we focus on the simplest case, when & has only nodes. Let Гу; be the dual graph: it has 
vertices for the irreducible components of X, and edges for the nodes. Let us explain how the 
$9 (Ix) is similar to a neighborhood in the Hitchin system of the fiber over [У]. The space (Lx) is 
smooth; D(['s) x J(3) has the same dimension as Ma(C, n), and it follows its construction that 
4$ (lx) carries the structure of an integrable system. The data defining 9(Г) did not depend on 
complex structure parameters, so it cannot be expected that the central fiber of D (Г) is analytically 
related to the Hitchin fiber J(X). In fact, even when X has rational components, the corresponding 
central fibers need not be homeomorphic, and even if they are, the corresponding integrable sys- 
tems need not be fiberwise homeomorphic. Nevertheless, we will see Н*(2@ (Гу;)) = D(X), in fact 
compatibly with the perverse Leray filtration (see Remark 10.3.5). In this sense, D (Tx) is a model 
(or replacement) for the local topology in МІ5(С, т) around J(X). 

There is also a sense in which 98(T';) captures ‘Betti information near >”. More precisely, 
one can view X as a (singular) Lagrangian and study the moduli space Мв(?, 1) of rank one 
microlocal sheaves on X.^ Were X smooth, this would be the space of rank one local systems we 
encountered above. In the nodal case, moduli of microlocal sheaves is shown in [BK] to match 
certain multiplicative Nakajima varieties [CBS, Y]; comparing the results there to the definitions 
here, it is immediate that there is an algebraic isomorphism 


M g(X, 1) = Ma(¥,1) x B(Ls) 


In fact the relationship between microlocal sheaves on a spectral cover and the neighborhood of 
the corresponding Hitchin fiber should hold in some greater generality. In particular, at least for 
spectral curves the links of whose singularities are torus knots, a similar statement can be tortured 
out of the identification in [STWZ] of moduli of Stokes data as moduli of sheaves microsupported 
along a Legendrian, plus the nonabelian Hodge correspondence in the presence of irregular sin- 
gularities [BB]. As explained in the introduction of [STZ], a comparison of the numerics of that 
article with those of [OS, GORS] reveals a faint shadow of a ‘P = И” phenomenon here as well. 

On the other hand, while we construct an embedding 9(Г) C B(T), we do not know a category 
of which the former space is a moduli space, much less a functor between categories inducing this 


*When X not irreducible, the compactification of the Jacobian depends on the choice of a stability condition. However, 
it follows from [MSV] that H*(.J(X)) is in fact independent of a generic such choice, and genericity is known to follow 
from smoothness of the total space of the Hitchin fibration. 

Equivalently [GPS3, Sec. 6.2], of the wrapped Fukaya category of a completion of a neigborhood of У. From this 
point of view, one sees an embedding M p(X,1)  Мв(С, n) is induced by pullback of pseudo-perfect modules 
under a non-exact Viterbo restriction, modulo convergence issues. The case of smooth spectral curve is [GMN2]. 
What is by no means clear is if or why J (©) lies in the image, let alone why it should be a deformation retract thereof. 
We will not use or discuss this further here. 
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map. It would be preferable to have such a category and functor. Relatedly, we have described 
how the spaces 9 (Г) and B(T) are cohomologically related to Hitchin fibers, but not given maps 
of spaces, much less of categories. 

We end with the question: is there a microlocal nonabelian Hodge theory? 


Remark 1.2.3. Recall from [SW] and subsequent developments that if one considers № = 2 super 
Yang-Mills for U (n) with g adjoint matter fields, then the vacua in R^ form the base of a Hitchin 
system corresponding to the moduli of Higgs bundles over a base curve of genus g. At low energy, 
in a vacuum corresponding to a spectral curve with (for convenience) rational components, the 
theory is described by an abelian gauge theory with gauge fields corresponding to the components 
of the spectral curve, and bifundamentals or adjoints corresponding to the nodes. That is, it corre- 
sponds to the dual graph of the curve. We expect there should be some physical account of why 
the cohomology of the corresponding multiplicative quiver variety is identical to the cohomology 
of the Hitchin fiber, and more optimistically, why this should identify weight and perverse Leray 
filtrations (as we have mathematically proven is the case). 

There is a string-theoretic account of why the perverse filtration on the cohomology of the Higgs 
moduli space should lead to the bigraded numbers guessed by [HRV] for the weight filtration on 
the character variety (see [CDP1, CDP2, CDDP, DDP, Dia, CDDNP]). It is not immediately 
clear how this relates to the above notions, but it would be interesting to make such a connection. 
In particular, unlike [HRV], we have not been able to compute (or guess) the mixed Poincaré 
polynomials of the multiplicative hypertoric varieties. 


Remark 1.2.4. The embedding (Г) C B(T) has the flavor of a hyperkahler rotation. In particular 
it carries the central fiber of the integrable system 9 (Г) to a non-holomorphic Lagrangian subvari- 
ety of B(T), which should be the Lagrangian skeleton of an appropriate Weinstein structure. This 
fact, which we do not prove here, suggests а way to calculate the Fukaya category of B(T), using 
the approach of [K, N, GPSI, GPS2, GPS3, GS]. This idea is explored in [GMcW], building on 
calculations of [McW]. 


Remark 1.2.5. A shadow of Theorem 1.0.4 can be seen by comparing Equation (3) above to The- 
orem 1.1 of [MSV], after specializing L — 1 in the latter. We do not know what parameter should 
be introduced in our formula to recover the IL of [MSV]; this corresponds to asking how to char- 
acterize the filtration on the Betti moduli space which corresponds to the weight filtration on the 
Dolbeault moduli space. This question does not arise in the setting of the original PW conjecture, 
because in that situation, the cohomology of the Dolbeault space is pure, i.e. the weight filtration 
arises from the cohomological grading. In the present case, the (central fiber of the) Dolbeault 
space does not have pure cohomology. 


Remark 1.2.6. The deletion-contraction relation enjoys various connections with the skein relation 
of knot theory; it may be expected that deletion-contraction exact sequences enjoy similar connec- 
tions with the skein exact sequences in knot homology theories such as [Kho]. Indeed, this is true 
by construction in various extant categorifications of the Tutte polynomial and its specializations 
[ER, HR, HR2, Sto, Sto2], though we do not know how these constructions relate to H* (93 (Г)). 
In this context we recall the relation between knot invariants and the perverse polynomial of 
Hitchin fibers [ObS, Mau]; and its conjectural lift to the cohomological level [ORS, GORS]. 
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2. GRAPH CONVENTIONS AND SOME LINEAR ALGEBRA 


For us, a graph will always mean a finite simplicial set with only 0- and 1-simplices, or in other 
words, what is sometimes called an ‘oriented multigraph with loops’. That is, we have the data of 
a finite set of edges E(T), a finite set of vertices V (Г), and two maps h,t: E(T) > V(T). 

As Г is a simplicial set, given a (for us always abelian) group A, we may form the simplicial 
chains and cochains. There are (by definition) canonical isomorphisms 

CT, А) e AY® ~ С°(Г, A) 
and 

CiT, A) es АО ~ e (m А). 
We write AY or c A) for the quotient by the subgroup of constant functions, and Co(T, A) 
for the subgroup of chains summing to zero via the group law of A. 

We denote the differentials by dp: С1(Г, A) — Co(T, A) and dj: СГ, A) — C'(T, A), re- 

spectively. The formula for dp is: 
аг: АВО) ә AV) 
e +> h(e) – (е) 
We often use the inclusion Н, (Г, R) = ker(dr) с А0). 

We write: 

(4) (Г, A) := Hi (T, A) Ө H'(T, A) 

Note that all chain and cochain groups, and all homology and cohomology groups, are canoni- 
cally independent of the choice of orientations on edges of Г. 


For n € Со(Г, А) = AY), we will write 
(5) НГ, А), := йр (л) 


When nonempty, Н. (Г, A), is the translation of Н. (Г, А) С С (Г, A) by any dr-preimage of n, 
and is thus a torsor for H (Г, A) = Hi (Г, A)o. 


Definition 2.0.1. For a € A’), we write Supp(a) C T for the subgraph consisting of all vertices 
of Г, and those edges whose corresponding coordinate in a is nonzero. We say n € Co(T, A) is 
generic if for all a € Н. (Г, A), C Ci(T, A) = A®™, the graph Supp(a) is connected. 


Remark 2.0.2. Note that if Г is disconnected, then 7) is generic iff Н. (Г, А), = 0). 


The geometric significance of Definition 2.0.1 becomes apparent in Prop. 5.3.2 below. 
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Lemma 2.0.3. Suppose A is a vector space of positive dimension over an infinite field. Then there 
exist generic п € C(I, A). The same holds when A is a (commutative) Lie group of positive 
dimension. 


Proof. Consider the complement A of the generic locus of Co(T, A). It is the union over all 
disconnected subgraphs I” C Г of the image of dr : С\(Г/, A) > Co(T, A). 

Since Co(T, A) = C(I”, A), we can identify the latter map with dy : С. (T^, A) > C(I”, A). 
The cokernel has dimension one less than the number of connected components of I", and in 
particular the image is a proper subspace. It follows that A is a proper subset of Co(T, A). 

For commutative Lie groups, the result follows from the same argument on tangent spaces. 


Lemma 2.0.4. Suppose A = A, x Аз is a product of positive dimensional commutative Lie groups. 
Then there exist generic т] € Co(T,0 x А). 


Proof. Given I” C Г, the map dr : C1 (T', Ay x Az) > Co(T, A, x A2) may be identified with the 


product map C4 (I, A1) x (Г, A2) > Со(Г, A1) x Со(Г, Az). We can now argue as in Lemma 
2.0.3. 


Let us now consider deletion and contractions. 


Definition 2.0.5. Given a graph Г, the graph Г V e is defined by deleting the edge e. If e is not a 
loop, then the graph Г /е is defined by “contracting” e, i.e., by removing it and collapsing h(e) and 
t(e) to a single vertex v(e). 


There are evident maps (of simplicial sets) Г \ e — Г — Г/е, the second being defined only 
when y is not a loop. These induce in particular maps Co(T V е) = Со(Г) — Со(Г/е). We will 
use the following notation: 

Definition 2.0.6. For n € Со(Г, A): 
(1) We write V e € Co(T V e, A) for the preimage of 7 under Co(T, A)  Co(T Ve, A). 
(2) If e is not a loop, we write 1/e for the image of 7 under the map Со(Г) > Со(Г/е). 
Lemma 2.0.7. If 1) is generic, then so are т \ e and п/е. 


Proof. We have the commutative diagram: 


Н.(Г, A), ———> ACT, 4) —*—> OT, A) 


S ] ] | 


T\e 


е) ig Ое д) Ss Cea) 


In particular, the support of any a € Н, (Г\е, A)n/e is equal to the support of its image in Н. (T, А),. 
If e is not a loop, then we have the commutative diagram: 


Н.(Г, А), ———+ C(I, А) —=— OT, A) 


n | | | 


dp je 


Н,(Г/е, А) —— Ci(P'/e, A) ——> Со(Г/е, А) 


Thus, the support of any a € Н. (Г/е, А). is the image of the corresponding support of its 
preimage іп Н, (Г, А),. 
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Remark 2.0.8. Suppose instead of starting with a single edge e € E(T), we are given a subset 
J C Е(Г). Definition 2.0.6 can be iterated to define 7 V J and 7/7. Iterating Lemma 2.0.7 shows 
that these are also generic. 

Note that combining the left vertical morphisms of (6) and (7), we obtain: 
(8) Hill \ e, Ale H1 (T, А)„ S H1 (T/e, Alpe 


Corollary 2.0.9. Let ņ be generic, and let e be a bridge, i.e. suppose T \ e is disconnected. Then 
Hı (T Ne, A)n\e is empty. 


Proof. Follows from Remark 2.0.2 and Lemma 2.0.7. 


For later use we describe some structures associated to a contracted edge. Any edge e determines 
a map 
A => AF = C! (T, E) > H! (T, E) 
(which is injective so long as e is not a bridge). Assuming e is not a loop, we define the map 
Qe : A — H! (T /e, А) by demanding commutativity of the following diagram: 


H! (T Ve, A) +—— H!(T, A) _— A 
: pU om] 
cok(a.) < Н!(Г/е, A) —— A 


Similarly, an edge e determines a map Н, (Г, А), > С!(Г, A) — А; so long as e is not a loop, we 
define the map be : Н,(Г/е, A),;, — A by demanding commutativity of the following diagram. 


Hi(T Ve, A) ———? Hi(T, 4, —— A 


w F^ p | 


ker(8.) ————> Hi(T'/e, Ay. — A 


3. COMBINATORIAL MODEL 


In this section, we will give a purely combinatorial model for the cohomology of our B(T) or 
4 (T), equipped with the appropriate filtration. The model was originally introduced in [MSV] to 
describe the perverse filtration on the cohomology of the compactified Jacobian of a nodal curve, 
which as we have mentioned above is closely related to (I). 

We write our complexes over an arbitrary commutative ring R, which in the remainder of this 
article will always be Z, Q or C. 


Definition 3.0.1. Let J be a subset of edges of Г. We write 


eiT, А) := A 


|J|=k 


I 


T\J, R), €T, R) := 0. 


We will often suppress the choice of R. Let Є*(Г) := (D,,,, , €?" (Г). We now define a 
differential €*(D) — €**!(T). 

Let e be an edge, viewed as a class in H! (T, R). We have a map (e, —) : Hi(T, IR) > R given 
by the composition of Н. (Г, Ж) — RF) with the projection RP? —› R onto the e™ coordinate. 
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We extend this to a linear function 


(e, -)  H(P, R) > R 
by setting (e, f) = 0 for f € H! (T, R). Given e € E(T), consider the map e(e, —): H(T) > H(T) 
which takes x to e(e, x). This map depends on the edge e but not its orientation. Extend, via the 
Leibniz rule, to a linear map e(e, =): A H(D) > A H(T). 


Lemma 3.0.2. The image of e(e, —) is the subspace 


I 


(11) en A (велен) 


Proof. Note that Hı (['\e)@H'(I) = ker(e(e, —)). Choose any splitting of H(T) into ker(e(e, —))® 
F where F is rank one; then e(e, —) restricts to an isomorphism Е 2 Re. We have A! H(T) = 


FG A7 ker(ete, —)) | Ф Al кег(е(е, —)). The map ele, —) takes the left-hand summand iso- 


morphically onto 11 and kills the right-hand summand. 


When e is not a bridge, we have an identification eA A ! (mew em) = AF! H(T Ve), 


and thus we obtain a map 


de: 


l 

нг) + A B(T Ve). 

More explicitly, 
l 

dox Ads A... A TI) = У(-1) е, LTI Adis New NEED ac ATL 

i=1 


Definition 3.0.3. Let de: €?" (T) — €2*+2!-1(L) be the linear map whose restriction to A IH(T V 
J) is the direct sum over all non-bridge edges e in \ J of de: A H(T\ J) — NT HC \ J\e). 


Lemma 3.0.4. The map de makes €° (T) into a complex, i.e. dz = 0. 


Proof. It is easy to see that d? = 0. We must check that additionally, de, de, = —d.,d,,. The sign 
arises when passing from e(e, —) to de, which involves reordering the factors of a wedge product 
so that the factor e comes out in front. Indeed, we may write the image of а, (х0 ^ ... ^ ху) 
under е (е1, —) as a sum of terms (—1)/zo Л... ^ е (е, ai) A. Aj Л... A жү with i < j and 
(—1)/zg ^... ЛЕ Л... Ле (е1, vi) A... Лау With i > j. Here the hat indicates that a factor has been 
omitted. Then de, de, (zo Л... ^ zw) is the sum of terms (—1)'M zo A... AS; ^... A; Л... Аж with 
i < j and (C1)? lay A... AT; Л... AT; A^ «A^ zv With i > j. Exchanging e; and ех exchanges 
the signs. 


Lemma 3.0.5. The complexes (€* (Г), de) associated to different orientations of V are canonically 
isomorphic. 


Proof. Suppose the orientations differ at a single edge e. Let e, be the automorphism of @°(Г) 
which multiplies A H(T X J) by —1 ife € J, and is the identity on the other sumands. Then є, 
intertwines the differentials associated to the two orientations. If the orientations differ at multiple 
edges, the differentials are intertwined by a product of such є,. 


By construction, the differential de takes @? (D) to &?**?/7! (D), and thus preserves the sub- 
space C4, (T) :— 64,2, €^ (Г). We thus have H'(£(D)) = @nH'(€n(T)). 
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PEHU) — qi, A? HU \ e) 


> 
ium 
3 
n 
® 
> 
о 


(J Nei) 


A? HJ) — qi, NEU \ e) — qi, A H(I \ е, еу) 


FIGURE 1. The complex €*(J), where J is the graph with two vertices joined by 
three edges е, ез, ез. We have only indicated the groups which are not automati- 
cally zero for degree reasons. The cohomological grading increases as one moves 
up or to the right. The cohomology is described in Figure 3. 


0 1 
R 


R? 0 


он мыо ә 


R 


RP R 


RP R 


FIGURE 2. The cohomology of €° (J). The €-grading is indicated on the left, while 
the number |J| of deleted edges is indicated on the top row. The cohomological 


grading is the sum of these numbers. 


Definition 3.0.6. We call this extra grading on cohomology the €-grading, so that H? (€m (T)) has 


€-degree т. 


Fix an edge e € Г which is neither a loop nor a bridge. We can identify @*—2(Г \ е) with the 
subcomplex of @*(Г) consisting of summands A/ H(T^ J) with e € J. If we ignore the differential, 


the quotient complex is given by the summands N H 


(T\J) with e é J. The homotopy equivalence 


T \ J > (TV J)/e = (T /e) \ J identifies each such summand with A! H((T /e) \ J); the quotient 
complex therefore has the same underlying graded vector space as €°(I'/e). The differentials also 


match, and thus we have 


(12) 0 > €**(TVe) > €T) 2 є*(Г/е) 20 
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Definition 3.0.7. The resulting long exact sequence 
b 


те 


(13) + H*?(e(P V е)) 5 HET) 2 Не(е(Гуе)) $ 


is the € deletion-contraction sequence. 


With a view to applying Definition 1.0.6, we consider the following more general situation. 
Suppose I" is a connected subgraph of Г whose complement contains no self-edges. Then we 
likewise have a subcomplex €*-? VI — ¢*([), given by all summands A'H(T \ J) with I’ > 
Г \ J. The induced map on cohomology can be written as the composition, in any order, of the 
maps a$ for e € T \ I’. In particular, the compositions in different orders are all equal. 

We can thus make the following special case of Definition 1.0.6. 


Definition 3.0.8. The C-deletion filtration is the filtration defined by Definition 1.0.6, where the 
covariant functor A takes Г to H*(€(T)) and takes I" — Г to the composition of а (in any order) 
for e e T\ I". 


By construction, the maps bf and се respect the €-grading, whereas the map а“ increases the 
grading by one. Hence the kth step D;H'(€(T)) lies in the subspace of €-degree > i — k. The 
reverse inclusion is clear, and thus D,H'(€(T)) = Ф: ,,H'(€,, (T)). 


Corollary 3.0.9. The €-deletion filtration is induced by the €-grading on H*(€(T)). 


Viewed as a sequence of filtered vector spaces, the maps of a graded sequence strictly preserve 
the filtrations. 


Corollary 3.0.10. The € deletion-contraction sequence strictly preserves the €-filtration. 


4. GENERALISED MOMENT MAPS 


Let us review moment maps. A symplectic form w on a manifold X determines a map f +> 
w*df from functions to vector fields. Fixing a Lie algebra g, we get similarly a map from g*- 
valued functions to g*-valued vector fields. When such a resulting vector field integrates to the 
action of a Lie group G, said action is termed Hamiltonian, the function is termed the moment 
map, and is G-equivariant (with respect to the coadjoint action on g*). In case f is submersive over 
0, and С acts freely on f~'(0), the symplectic reduction X//G :— f~'(0)/G inherits a symplectic 
structure. More generally we may reduce along coadjoint orbits; X//oG = f !(O)/G. If in 
addition X carried a Kahler structure and С acts by isometries, the reduction inherits a Kahler 
structure as well. If X carries a hyperkáhler structure and a G action which is independently 
Hamiltonian for the Kahler forms оу, wz, ок with moment maps fr, fj, fx : X — g*, then there 
is under analogous conditions a hyperkihler reduction X////G := (f; (0) f; (0) n fg (0))/G. 

In the present article we will only be concerned with С commutative. Then a map X — g* is 
G-equivariant iff it is constant on orbits; the coadjoint orbits are just the points of g*. 

There is a related notion of group valued moment map [AMM]; in general this is somewhat 
sophisticated; here we will need only the commutative case, which is much simpler. For G a 
connected commutative Lie group, note that its Lie algebra g is also its universal cover. In this 
case, given а С action on X, we say f : X — С isa multiplicative moment map if it is constant on 
fibers and the map f:Xxag —> gZ g'isamoment map for the natural С action on X x; g. One 
defines reduction as for ordinary moment maps, and the usual proofs of compatibility of reduction 
with Kahler or hyperkáhler structure go through unchanged (e.g. [HKLR, Theorem 3.1]). 

The various above notions play a prominent role in the literature on character varieties and re- 
lated spaces. The spaces we will consider in this paper also have such Hamiltonian structures. The 
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constructions we perform with them will require and retain such structures, but often at interme- 
diate stages will not be (quasi-)Hamiltonian or hyperkihler, in particular due to the group action 
being too small or the target of the moment map too large. E.g., we may have a subgroup H C G 
and be interested in и ! (O)/ Н. If G and Н are abelian, this retains a Hamiltonian action of G/H. 

What will always be present is the structure of the action of a (commutative) Lie group G and 
a map to another commutative Lie group M, constant on fibers. Here we develop some basic 
manipulations of such structures. 


4.1. (G, M)-spaces. Recall that for a group G, we say a space X is a G-space if it carries a 
G-action. 


Definition 4.1.1. Fix a group G and a G-space M. By a (G, M)-space, we mean a G-space X 
and a G-equivariant map ux : X — M. A morphism of (G, M)-spaces is a G-equivariant map 
f: X — Y such that py = px o f. 


Remark 4.1.2. We write ‘space’ above to mean element in some appropriate category which will 
be clear from context. For us this will always be a category of smooth manifolds, possibly with 
extra structure, e.g. complex manifolds, Kühler manifolds, etc. 

For instance, if we say that X is a complex (G, M)-variety, we mean that G is a complex 
algebraic group, M is a complex variety, and the G-action and map ux are algebraic. 


Remark 4.1.3. We soon (in Convention 4.3.6) impose much stricter requirements on the allowable 
С, M: we will require С commutative and the G-action on M trivial. We begin in the present 
generality only for the sake of making clear when these hypotheses become relevant, namely in 
Lemma 4.3.4. 


Example 4.1.4. If M has a distinguished point 0 € M, then we write 0 :— Об, м) for the (С, M)- 
space given by a point carrying the trivial С action and whose image under the map и has image 
0 € M. 


Example 4.1.5. If X is a space with a G-action, and О is a space with a map to M, we write [X x O] 
for the (С, M)-space whose underlying space is X x О, on which С acts by multiplication on the 
first factor and trivially on the second, equipped with the map u: X x О — О via the second 
projection. 

In particular, we will often consider [С x M] where С acts by (left) translation on the first factor. 


Example 4.1.6. Any G-stable subset of a (С, M)-space inherits a (С, M )-structure. In particular, 
given a (G, M)-space X and any subset О C M, the space иу (О) C X carries a natural (G, M)- 
structure. 


Remark 4.1.7. Recall that a symplectic manifold carries a canonical Poisson structure, and that 
there is a standard Poisson structure defined on д“. A (С, g*)-structure on a manifold X arises 
from a Hamiltonian G-action for the symplectic form w iff the G-equivariant u : X — g* is 
Poisson. 


Definition 4.1.8. Fix a group G and a G-space M. Suppose given a group homomorphism p : 
H — G, an H-space N, and a morphism of H-spaces 7 : M — N. Then composition with (p, 7) 
determines a functor from (G, M)-spaces to (H, N)-spaces. 


Example 4.1.9. If H is a Lie subgroup of С, then the natural maps H — С and д“ — h* determine 
as above a functor from (С, g*)-spaces to (Н, h*)-spaces. This functor evidently takes Hamiltonian 
G-structures to Hamiltonian H structures. 
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However, we also have a functor from (С, g*)-spaces to (H, g*)-spaces, just by restriction of the 
group action. 


4.2. Reduction. 


Definition 4.2.1. Let X be a (С, M)-space. For a G-invariant point m € M, we define 
X [mG i ux (m)/G. 
If we wish to emphasize M, we write X /,„ем С. 
Remark 4.2.2. Whenever we write иу (m)/G, we are implicitly asserting that the quotient makes 


sense. More precisely, since we are always working with smooth manifolds, we require that 1n is 
a regular value of и and that ће С action on шу (m) is free. 


Remark 4.2.3. In our applications, the G action on M is trivial, i.e. every point m € M is invariant. 
(When the G action is not trivial, it is natural to also allow invariant subsets in place of m.) 


Remark 4.2.4. When X is a Hamiltonian G-space and их : X — g* is the moment map, this is 
the classical symplectic reduction. 


Let us note the following elementary compatibilities: 
Lemma 4.2.5. An injection Н — С determines a surjection X fm H > X „С. 


Lemma 4.2.6. Let 1 : M — N bea morphism of G-spaces. Let m € M. For a (С, M)-space X, 
there is a Cartesian square 


Е 


(14) | | 


m ——> T lr(m) 


Remark 4.2.7. It will later be relevant that if 7 : M — N is a group homomorphism, then тїт (m) 
is a torsor for the kernel. 


4.3. Convolution of (G, M)-spaces. 


Definition 4.3.1. Let M, N be G-spaces with a G-equivariant morphism c : M x N — N. Then 
from a (С, M)-space X and a (С, N)-space Y, we construct a (С, N)-space X e У as follows. 
The underlying space is X x У, and: 


g(x,y) = (gx, gy) Uxey (2, y) = C(x (x), uy (y)) 
For n € NS, we also write 


X «osa = (X eY) fn G = uxly(m)/G 


If the choice of G, N, or n is clear from context, we may omit them. In particular, we will 
uniformly employ the abbreviations жс» :— жс» с», ku, :— *u,,u, and xc«u, :— *u,,cxu,- Неге Uj 
denotes the unit circle. 


Remark 4.3.2. Through this text we are working with smooth manifolds. In this context, the 
notation X ж, Y implicitly asserts that n is a regular value for the map c(ux, uy): X x Y > N 
and that G acts freely on c(ux, иу) | (n). 
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Remark 4.3.3. As mentioned above, in the remaining chapters we always have G commutative and 
acting trivially on M and N. The additional structures needed in the above definition will always 
come from M being a commutative group, and N being an M-torsor (and usually N = M). 


Lemma 4.3.4. In the setting of Def: 4.3.1, assume in addition that С is commutative and acts 
trivially on M. Then we may equip X x Y with a (С, M) structure by defining g(x,y) = (92, y) 


and xay (2, y) zz Ax (x). 


Proof. 'The main point is to check that the written formulas, which are well defined on X e Y, 
descend to the quotient. We should check that (gz, y) and (ghz, hy) are in the same G-orbit in 
X e Y; this follows from commutativity of С. We should check that iix (hx) = px(x); this 
follows from equivariance of u and triviality of the G-action on M. 


Remark 4.3.5. There is an (G, N)-space isomorphism X e Y = Y e X. If, in addition to the 
hypotheses of Lemma 4.3.4, we have N = M and the тарс: M x M — M is commutative, 
then there is an isomorphism of spaces 9 : X xm Y = Y xm X for any m. If the binary operation 
defined by c has inverses, then the (G, M)-structures on X x,, Y and Y x,, X are related by 
é(g -(z,y)) = g ! - O(a, y) and ux,y = m — nv.x. 


Convention 4.3.6. For the remainder of the article, when we discuss (G, M) spaces, G will always 
be a commutative group, and the G-action on M will be trivial. When we discuss convolution, we 
always additionally require M = N and ask that the map с: M x M — M define the structure of 
a commutative group. 


Example 4.3.7. Recall that 0 = O(g,) denotes the point with trivial С action and и = 0 € M. 
For any (G, M)-space X, and any m € M, we have 


X x*xm0 =X f/m G =0xm X 
Lemma 4.3.4 asserts that the resulting space should acquire a (G, M)-structure. Note the resulting 
G action is trivial, and the map ju is the constant map with value m on the left, or 0 on the right. 
4.4. Some convolution lemmas. 
Lemma 4.4.1. Given a (С, M)-space X and a (С, M)-map f: Y — Y", the formula x x y > 
x x f(y) restricts and descends to give a (G, M)-map 

fx: X*Y XxY' 

Proof. If x x y € X x Y lies in иу, (C), then x x f(y) lies in ux1,, (C) since f preserves the 


moment map. The resulting map idx f : pyty (C) > ux, (C) is G-equivariant, and thus descends 
to the quotients. 


Remark 4.4.2. Suppose Y and Y' and X have exhaustions by compact G-equivariant subsets, 
compatible with the map f. Then fx is compatible with the exhaustions of X x Y and X x Y’ 
obtained from taking cartesian products of compact sets. 


Lemma 4.4.3. If f: Y — Y' is injective (resp surjective), then fy: X xY — X x Y' is injective 
(resp surjective). 


Proof. If f is injective (resp surjective), then so is f x id: X x Y — X x Y”. Injectivity is clearly 
preserved by restriction to изу (1) and иу, ,(п). To see that surjectivity is also preserved, note 
that if u(x, у”) = n, then for any preimage y of у, u(x, y) = 7. Finally, passing to G-quotients 
preserves injectivity and surjectivity of G-equivariant maps. 
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Lemma 4.4.4. If f : Y — Y’ is an open (resp closed) embedding, then fx: X xY — X xY isan 
open (resp closed) embedding. 


Proof. By Lemma 4.4.3, it is enough to check that if Y C Y” is open, then X x Y C X «Y' is 
open. The opens of X x Y” are given by intersecting G-invariant opens of X x Y’ with jul, (1). 
In particular X x Y = X x Y N uxl,,(C)/G is open. 


Lemma 4.4.5. Let X be a (С, M) space. Let G act freely on T, and let О С M. Then 
X xc [T x O] = ux (C — O) xa T 
and is naturally a ux (Ç = O)-bundle over Т/С with structure group С. 


Proof. We have иу. o (6) = их (С — О) x T. Taking the quotient by С on both sides gives the 
desired identification. 


We often use the following very special case: 


Corollary 4.4.6. Let X be a (С, M)-space. For any О C M, there is a canonical isomorphism of 
(G, M)-spaces: 


X «;[G x 0] & ей} 
In particular, for any Ç € M, there is a canonical isomorphism X жс |G x М| = X. 


Lemma 4.4.7. Let X, be a (Сү x С, Mı x М)-ѕрасе, and let Хэ be a (G2, M3)-space. View 
X1 x Хә аз а (Gi x Go, Mi x M3)-space, where 
(91,9) : (21, 22) = ((91; 92) "11982: 73) 
Aix Xi (21, 22) = ux, (£1) + (0, ux; (22)) 
Then for Су € M; and (2 € Mo, 


(15) (X3 x X3) ас) Gi X Go = (Xi Ma G1) жам X2- 


5. SPACES FROM GRAPHS 


Fix commutative connected Lie groups G, M. We regard G as acting trivially on M. Let Z be 
a (С, M)-space. Let Г be a connected graph, and 7 an assignment of an element of M to each 
vertex. From this data, we will produce a new space Z (T, n). 


5.1. Construction. Recall from Section 2 above our conventions and notation for graphs. 

Given a (G, M )-space Z, there is an action of C! (D, С) = С) on 2807), together with a map 
uE D ; ZET) + МЕО) = 0. (Г, M). Thus Z2©) is a (CT (P, С), C4 (P, M))-space. 

We view 2200) as a (С (Г, С), Co(T, M))-space by composition with (di, dr) as in Definition 


4.1.8. We write up : 220) — C(I, M) for the associated map. By definition, we have ur = 
dp o ph), 


Definition 5.1.1. Let Г be a graph, let 7 € Co(T, М) C Co(T, М) = MY"), and let Z bea 
(G, M)-space. We define: 
Z(T,9) = Z^? f, C (a). 
When the choice of 7] is clear from context or irrelevant, we simply write 4(Г). On the other 
hand, if we wish to emphasize the dependence on (G, M), we write Z®™ (T, 7). In Section 5.3, 
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we discuss criteria which ensure that 7) is a regular point of ur and that the C^, G)-action is free, 
hence that (Г, 7) is a smooth manifold. 
The following diagram summarizes the situation, and defines the map Hres: 


Z(L,m) = ш) СГ, С) +_— ur (n) у ZEU) 


(16) | к | | Ira 


Hı (T, M), = d (n) = dp (n) — CT. M) 
Example 5.1.2. Since do, = 0, we have Z = Z(Q,0). 
Lemma 5.1.3. Suppose Г contains a loop e. Then Z(T) = Z(T \ е) x Z(O). 


Proof. This follows from the fact that or С) acts trivially on the factor of Z associated to е. 


Proposition 5.1.4. The action of C! (U, С) on 22) descends to an action of 
H'(T, С) on Z(T, п). Combined with the map Hres: Z(V,r) — Hi(T, M), above, this defines 
a (H! (T, G), Hi(T, M),)-space structure on 2(Г, vj). Finally, if uz is proper, then so is Lies. 
Proof. Regarding properness, note that it is preserved both by restriction to the closed set шт (1) 
and by descent to the quotient by CT, G). 


Lemma 5.1.5. For Г disconnected and п € Co(T, M) generic in the sense of Definition 2.0.1, we 
have Z(T, п) = 0. 


Proof. The locus Н. (Г, А), is empty by Remark 2.0.2. Since 4(Г, 1) is a quotient of a preimage 
of this locus in 221), it is also empty. 


Remark 5.1.6. Since we will always assume that 7) is generic, we will always have Z7(T,7) = 0 
for Г disconnected. Such ‘empty’ graph spaces arise naturally if we start with a connected graph 
Г with generic 7, and produce a disconnected graph by deleting a bridge, with parameter т \ e as 
in Definition 2.0.6. 


Lemma 5.1.7. Let Z = [С x M]. Then Z(T, n) = (H' (T, G) x Hi(T, М)» 


Proof. We identify [G x М] = [C* (P, С) x С\(Г, M)]. Then up! (9) = [GE x А. (Г, M),], 
and ^ (9)/C (T, G) = [H' (T, G) x H (T, M). 


5.2. Independence of orientation. Pick a subset J of the edges of Г, and let I" be the oriented 
graph obtained from I' by switching the orientation of each edge in J. 


Proposition 5.2.1. Let f : Z — Z be an automorphism of topological spaces which intertwines 
the G-action with the inverse G action and the A-map with the inverse A-map. Then f determines 
an isomorphism of topological spaces 


ZT) > ZT’). 
If f is a map of smooth manifolds or algebraic varieties, then so is the induced map. 


Proof. The map 280) —› 281 given by f on the factors in J and by the identity everywhere else 
intertwines the group actions and moment maps for Г and I’, and thus descends to the requisite 
isomorphism. 
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5.3. Smoothness. As always, we work some category of smooth manifolds, possibly with extra 
structure. Thus Z is a smooth manifold, and uz : Z — M is a C^? map. We impose the following 
additional hypothesis for the remainder of the section: 


Hypothesis 5.3.1. The map uz : Z — M restricts to a submersion over M \ 0, on which G acts 
freely. 


Proposition 5.3.2. Suppose that 1) is generic (Def. 2.0.1). Then т is a regular value of иг, and the 
action of GY) on uj (n) is free. In particular, Z(T п) is smooth, and 


dim Z(P,n) = |E(T)| dim Z + (1 — |V(T)|) (dim G + dim M) 


Proof. We begin by studying the group action. By Hypothesis 5.3.1, the action of C! (T, С) on 
(uz) ^ (a) restricts to a free action of C'(Supp(a), С). Thus for C^ (T, С) to act freely on 
(u7 7) = (a), it is sufficient that the composition 


(17) Cr, G) 5 Cr, с) > C (Supp(a), б) 


be injective. Here the second map is the natural projection. The composition is the differential 


5 ъа): Thus, the kernel is trivial exactly when Supp(a) is connected. 

We use a similar argument to show that the map up: ZF? — Со(Г, M) is a submersion. We 
can factor the differential dur as d(dp) o d(i £D). For any z € („2)-1(а), the image of the 
differential du’) contains the tangent space of М№М(5"Р(а)) — C,(Supp(a), M). Dually to 17, 


we have a surjective composition 
C; (Supp(a), M) =» С\(Т, М) = Co(T, M). 


Thus d(dr) is a surjection even when restricted to the tangent space of М2(5"РР(а)), Thus ur is a 
submersion, and = (n) is smooth. 


Remark 5.3.3. If dim G + dim M = dim Z, the dimension formula simplifies to: dim 4(Г, 7) = 
dim Z - dim H! (T). In fact below we will always have dim Z = 4. 


Remark 5.3.4. Definition 5.1.1 makes sense with dr replaced by a general integer matrix D : Z" — 
7. The definition of generic т can be extended to this case, but in general such Z(D, n) will have 
orbifold singularities. 


5.4. Stabilisers. We consider the action of H! (T, С) on 2(Г, 7). We are interested in the stabiliser 
of a point z € Z(T, л). 


Lemma 5.4.1. Under Hypothesis 5.3.1, H' (Supp(a), С) acts freely on uj (а) for a € H3(T, А). 


Proof. By definition, uZ} (a) is a C^ (T, G)-quotient of a subspace of (M V0)S"PP) x Af E(P)NSupp(a), 


By the hypothesis, C! (Supp(a), С) acts freely on this locus. Hence H! (Supp(a), С) acts freely 
on the quotient. 


5.5. An open cover. 

Definition 5.5.1. Let D C 1/7! (0) be a closed subset. Then for any subgraph I" C Г we define 
Up := (Z \ DET? x ZETA) с ZET) 

We write Ur for the image of Up N u7 (0) in 2(Г, т). Note Up is an open subset. 
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Lemma 5.5.2. Let 7 (Г) be the set of spanning trees of V. For п generic, we have 
ТєТ (Г) 


Proof. Let x € 2(Г, п) and fix a lift 2 € ир (n). Let a = ph (4). By genericity of 7, Supp(a) 


contains a spanning tree T C Г. Thus 2 € Ur and z € Ur. 


Remark 5.5.3. Lemma 5.5.2 gives another proof that (Г, 7) is smooth for generic 7, though not 
that it is Hausdorff. 


We will later be interested in D satisfying Z\ D = |G x М]. These have the following additional 
properties: 


Lemma 5.5.4. An isomorphism Z V D = |G x M] determines an isomorphism 
(18) Ur = Z(T/T) ez 


Remark 5.5.5. Note there is a canonical identification Е(Г/Т) = Е(Г X T), and these sets аге 
canonically identified with a basis of H! (T). 


Proof. We have 
Up = [С x M]E(? x ZET) In Cw G) = [GEP x MET] x ZET, 


Applying Corollary 4.4.6 with G' = С (T, G) = GE and M' = Co (T, M) = MPO, we get a 
natural isomorphism Ur 2 2801/7), 


The isomorphism (18) is easiest to describe on a slightly smaller open. We have 
П Ur =(Z\ DPM f, Cm, G) = HL, G) x H (T, M). 
TET (I) 
Lemma 5.5.6. For any given spanning tree Т C Г, there is a natural isomorphism 
(19) H'(T,G) x Hi(T, M) = (G x M)907D 
induced by the contraction T + Г/Т = @®“!"). If (0, ^) is an element of the left-hand side, with 
ge 2 T Oee, this isomorphism takes (0, ү) to (Oe, (е, y) eer. 


Lemma 5.5.7. The isomorphism (18) fits into the commutative diagram 


Ur Е y ZE(T/T) 


(20) | | 


H!(T,G) x HTC, M) —— (С x M)ET/D 


where the bottom arrow is (19). 


5.6. Deletion, contraction, and convolution. In this section we will explain how Z (T, 7) behaves 
under contraction (Lemma 5.6.2) and deletion (Lemma 5.6.4). 

A key ingredient is a (С, M)-structure on Z(T/e, п/е) associated to the newly contracted edge 
e. Recall that by Proposition 5.1.4, 2(Г/е, п/е) is a (H! (U/e, С), Н. (Г/е, М), ,„)-ѕрасе. Recall 
from diagrams 9 and 10 we have maps: 


ое: G — H'(T fe, G) Be: Н.(Г/е, М), > M 
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Definition 5.6.1. The (С, M)-structure on Z(I/e, n/e) defined by composition (Def. 4.1.8) with 
the maps &e, 8. will be called the deletion-contraction (G, M)-structure. We denote the map to M 
by шеу : 2(Г/е, п/е) > M. 

The deletion-contraction structure is related to the splitting 
(21) ZO) Pe Ce 

Indeed, let us write me :  — Г/е for the contraction. Any vertex v € Г determines natural 
maps vi : G — C (T, С) and v! : Co(T, G) — С. We have an isomorphism 
(22) nm x Ке): C (T/e,G) x GY C'(T,G) 

Using 21 and 22 we transport the C^ (T, G)-structure on ZE(? to a C (P'/e, С) x G-structure 
оп ZET/9 x Ze, The resulting C (Г/е, G)-structure on ZE('/9 and G-structure on Z° are the 


ME ПСЕ 
standard ones. The resulting C (Г/е, G)-structure оп Z* is trivial, and the resulting G-structure 
on ZF(/9 is the deletion-contraction structure. 

We have an isomorphism 


(23) (Te) x t(e)': Co(T, M) = Co(T/e, M) x M 


This map carries n — (7/е, Ne) where nie) is the coefficient of ту at t(e). 
Consider the composition 


и: ZET/9 x ze x ZET) Py OD, M) = Co(T/e, M) x M 
One checks that 


(24) v(w, 2) = (urje(w), Lie) (w)) + (0, u(z)) 
Lemma 5.6.2. We have a cartesian diagram of spaces 


Z(T, m) ——> (Z(T/e,n/e) x Z)/G 


es | | 


H, (T, M), ——> Hi(T/e, Ms x М 


where the right-hand map descends from the product map Z(V/e,m/e) x Z — Н\(Г/е, M)nje x M 
and the bottom map is given by pushforward along Г — Г/е on the first factor and taking the 
coefficient of e on the second factor. The convolution on the upper right is taken with respect to the 
deletion-contraction (G, M )-structure. 

The image of Z(V,1)) in (Z(U/e; п/е) х Z)/G is naturally identified as 2(Г/е, п/е) xau, Z- 


Proof. We claim that 
ZT) = Z^ [,C'(,G) 
E 0 
(22019 х Z) fiema) (C (1/6 G) x С) 
In passing from the second to the third line, we have used Lemma 4.4.7. More precisely, to apply 


this lemma, we view Z£(/9 as a (C^(T/e, С) x G, Co(T/e, M) x M)-space using the product 
of its standard structure and its deletion-contraction structure. The remaining hypothesis of the 
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Lemma is verified by (24), and we translate the conclusion of the lemma through the definition 
ZW fe m8) = ZET у C" (T /e, С). This gives the top isomorphism of (25). 

The map 280) — С(Г, M) descends to the left-hand vertical map, whereas ZF!/9 x Z — 
C3 (T/e, M) x M descends to the right-hand vertical map. These maps are intertwined by the iden- 
tifications 250) — ZEFT/9 x Z and C(T, М) > С.(Г/е, M) x M, and this latter identification 
defines the bottom-map. 


Remark 5.6.3. While (2(Г/е, п/е) x Z)/G may not be a free quotient, it is free along the locus 
where we take the fiber product, so this will cause no difficulty. 


Let 0 be the point with the trivial (G, M )-structure. 


Lemma 5.6.4. We have the commutative diagram 


Z(PNe n Ve) —— (4(T/e,n/e) x 0)/G 


as | | 


HU \ e, М) нуе M)yje М 


where the bottom row is given by Ед. 8 on the first factor, and the zero map on the second factor. 
The image of Z(VNe, n\e) in (Z(V/e, п/е) х0) /G is naturally identified as Z(V /е, п/е) е.м 0. 
Proof. Observe the canonical identifications Е(Г \ e) = Е(Г/е) апа and Co(T V е) = С(Г) 
and C(T V e) = C'(T). The top isomorphism now follows from 2(Г/е, п/е) = 280/9) lne 
O° (T/e, G) and 


Z(T Xe \ е) = ZETO lme Cr Ve, G) = (ZFC) x 0) P inleme) (CT /e, G) x G) 


The last equality is obtained by applying Lemma 4.4.7 to ZF('/9 and 0. To do so, we view Z£/°) 
asa Cr /e,G) x С, Co(T/e, M) x M)-space using the product of its standard structure and its 
deletion-contraction structure. 

The compatibility of the bottom map is a direct calculation. 


Corollary 5.6.5. Suppose Г \ e is disconnected and п is generic. Then 
Z(T/e; п/е) ж, 0 = 0. 
The same holds when О is replaced by any (G, M)-space S with u(S) = 1. 


Proof. Apply Lemma 5.1.5 and Lemma 2.0.7 to Z(T \ e,m \ е). 


We often abbreviate (Г) := (Г, п) and likewise Z(L/e) := 2(Г/е, п/е) and Z(T \ е) :— 
Z(U Nene). 
Lemma 5.6.6. An inclusion of (G, М)-ѕрасеѕ 0 — Z defines inclusions 
Q7) Z(PVen Ve) 2 Z(T,). 
for any edge e € Г. 
Proof. Consider the embedding 
ОТЕ x Z AUDI 
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This map induces a map of С. G)-reductions. The codomain reduces to (Г, л). The domain 
reduces to 


ZET\e) «9 ГА С(Г,6) — 7Е(Г\е) Vike ow \e, G) = XU X 8m Xe). 


6. B(T) 
6.1. Construction. 
Definition 6.1.1. We define the space 
B := C? \ {1+ zy = 0). 


and the maps 


и: > C 
(x,y) к> 1+ту 
[mB > В 
(z,y) |x? – [yf 
ur taf n 
I7] 
= R 
E K 
d 0 
pO 


FIGURE 3. A schematic picture of 5 and its various moment maps and their tar- 
gets. Two fibers of u^ are shown, and the intersection of each fiber with (u*)-! (0) 
is indicated in black. 


Lemma 6.1.2. The following properties are easily checked. 
(1) The map us is invariant under the C* action on 88 given Бут · (x,y) = (rx, тту). 
(2) The map p% is invariant under the U, C. C* action. 
(3) The fibers of u х u$ over the complement of 0 x 1 are free U,-orbits, thus defining a 
principle U,-bundle Р» over R x C* NO x 1. 
(4) Let ш = Im(dx ^ dy). The action of Ui C C* preserves w. 


Proposition 6.1.3. The space B = С? \ {xy + 1 = 0} has the following properties: 
(1) 93 is a smooth algebraic (C*, C*)-variety, with action (x,y) — (тх, тту) and map 
ug (ж, y) = 1 + ay. 
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(2) It has a single C*-fixed point at (0,0). Every other point has trivial stabilizer. 
(3) The inclusion Orc» c) — (0,0) € B is a morphism of (C*, C*) varieties. 

(4) The attracting cell at this fixed point is Sẹ :— (x = 0) S C. 

(5) Note that Ѕ & A! with its natural C*-action. 

(6) The map 


B\Ss — [C* x C*] 
(x,y) e (z, zy+ 1) 


is an isomorphism of (C*, C*)-spaces. 
(7) As a (C*, C*)-space, B satisfies Hypothesis 5.3.1. 
(8) uS x u$ endows B with the structure of a (U4, C* x R)-manifold. 


Definition 6.1.4. Given a graph Г and generic 7), we abbreviate 
BT) :— BCL, gy. 


We will suppress the dependence on 7) for most of this paper. In coordinates, it is described as 
follows. Recall that BET) has coordinates ze, y. for e € Е(Г). The subset up (n) С BP! is 


defined by 
П G5) J] Caren 


edges exiting v edges entering v 


for each v € У(Г). Then 
- 0 " 
B(T) = ит (m/C (T, C*) 
where the factor of C* attached to v acts by T£e, 7 ‘ye on incoming edges, and т !z,, ту, on 
outgoing edges. Hence (Г, 7) is a smooth complex affine variety. 


6.2. Independence of orientation. For this paper, we will work with a fixed orientation of Г. 
However, the dependence on the chosen orientation is quite mild, as shown by the following. 


Proposition 6.2.1. ІГ, I" differ only by the choice of orientation, then there is a canonical iso- 
morphism 


BT) 25 B(T) 


Proof. By Proposition 5.2.1, it is enough to find an automorphism 93 — 93 intertwining the C*- 
action and the C*-moment map with their inverses. This is given by (x,y) > (—y, (1 + zy) Ix). 


Remark 6.2.2. This is an especially simple case of the proof of independence-of-orientation for 
multiplicative quiver varieties in [CBS]. Under the translation to microlocal sheaves [BK], the for- 
mula (x, y) — (—y, (14-20) !x) describes the behavior under Fourier transform of the ‘canonical’ 
and ‘variation’ maps. 


6.3. Deletion-contraction sequence. From Proposition 6.1.3, there are natural inclusions and 
projections of (C*, C*)-spaces as follows: 


(28) 02S, 5 B е [C xc] 


As I, J give a decomposition of 95 into closed and open subsets, we have the following exact 
triangle in the derived category D^(98) of constructible sheaves on 93: 


(29) LIQ =Q > 7,779 5 
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(In this paper, standard operations on sheaves, such as J), T', J, and J*, are always understood 
to be derived.) 
Because / is the complex codimension one closed inclusion of one smooth variety in another, 


LIQ = Qs, [-2](-1). 
Proposition 6.3.1. H*($58,Q) = ОФ Q[-1](—1) e Q|-2](—2). 


Proof. 'Taking sections of the triangle (29) returns the excision sequence in cohomology. Its terms 
are as follows: 


H* (B; ДГ) = H*(B, Qs, [-2](-1)) = R° (Ss, Q)[-2](-1) = O[-2](- 1) 
H° (B; J,J*Q) = НС" x C*,Q) = (Qe Q[-1|(-1)** = Q e Q™[-1](-1) e Q[-2](-2) 
The only potentially nonvanishing map in the long exact sequence is Н! (88; J, J*Q) > Н?(93; ГО). 


In fact this map must be an isomorphism, since B has nonzero Betti numbers b? = b! = b? = 
1. 


Hypothesis 6.3.2. Y is a smooth irreducible (C*, C*)-variety, zy : Y — C* is nonconstant, and 
C € С“ is such that C* acts freely on phy (C) C Y ө. 


Taking жс» :— xc c» ¿ with Equation (28) induces morphisms: 


Yd 0 c Yap 85-5 Y gc BE Y aps [E* RO 
Lemma 6.3.3. Iy (resp Jy) is the inclusion of a smooth divisor (resp. its complement). 
Proof. By Lemma 4.4.3, Jy is the complement of Jy. Let us see that Jy is a smooth divisor. 
Consider the divisor Y x б» C Y x 58. Since the function uy is nonconstant on Y, the function 


Ly «ss is nonconstant on Y x Sy and Y x B. Thus uil (C) N (Y x Sa) C pyla(C) is a divisor. 
Passing to the quotient by the (free) С action, Y «c« Ss is a divisor in Y хс» $8. 


We thus obtain, as in eq. (29), the triangle 


«a Ш 
(30) Qv.s,[-2](-1) > Q > (Jy). 70 > 
Lemma 6.3.4. The map тү has fiber А! and a section induced from the inclusion 0 — Ss. 
Proof. We have uis(Ss) = 1. Hence Y xc Sy = (жү (С) x Sy)/C*. By assumption, C* 


acts freely on uy (C). Hence the quotient is a bundle over иу (С) /С* with fiber isomorphic to 
Ss S Al. 


In particular, either push forward along тү or pullback along the section induces: 
G1) H*(Y хс» 85, Q) = H'(Y xc 0,0) = H'(Y /; С, Q). 
We have Y хс» [C* x C*] = Y by Corollary 4.4.6 and and Y xc» 0 = Y //¢ C* by Lemma 4.3.7. 
Taking cohomology of the triangle (30) and combining with the above isomorphisms, we obtain 
the diagram: 


Не (У fe C*, Q)(—1) H*(Y, О) 


e] С "ud M 


E H°? (Y хс: Sg, Q)(-1) —> H*(Y хс: $8, 0) —— H*(Y xc [C* x C*], Q) MS ы 


2 
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We call the dashed long exact sequence the $8 deletion-contraction sequence of У. The termi- 
nology is motivated by the following special case: 


Theorem 6.3.5. Let Г be a graph, e a non-loop edge, and т chosen such that B(T) is smooth. 
Then there is a long exact sequence 


°— а® ° B® ° g [+1] 
(32) -EH* “(80 \e),)(=1) =н"), Q) —— H*O5(07/6),Q) — > 
Moreover, the maps strictly preserve the weight filtration on each space (taking into account the 
Tate twist on the left-hand term). 


Remark 6.3.6. When we wish to highlight which edge of Г is in play, we may write a? and b>. 


Proof. Apply the 3 deletion-contraction sequence to У = ®(Г/е) and с = nye) as specified in 
Section 5.6. Lemmas 5.6.2 and 5.6.4 give the desired identifications of the convolutions in the 
sequence with the stated spaces. The desired statement regarding weight filtrations follows from 
the fact that the long exact sequence of a pair respects mixed Hodge structures (see [Del3, Prop. 
8.3.9], or more explicitly [PS, Prop. 5.4.6, 5.5.4]). 


When e is a bridge, the space B(T \ е) is empty by Lemma 5.1.5, and the map Б is an iso- 
morphism. The following lemma shows that in this case we moreover have an isomorphism of 
spaces. 


Lemma 6.3.7. Let e be a bridge of Y. Then we have a canonical isomorphism B(T) = B(T /e). 


Proof. By Lemma 5.6.2, we can write B(T) = B(T /e)xc- B. On the other hand, 95 is the disjoint 
union of Sy and [С* x C*] as explained above. 

Thus B(T /e)xc B is the disjoint union of B(T /e) xc- Sy and $8(T/e) xc« [C* x C*] by Lemma 
4.4.3. The former is the empty set by Corollary 5.6.5. The latter equals B(T /e) by Corollary 
4.4.6. 


6.4. Class in the Grothendieck ring of varieties. The results above also allow us to calculate the 
class of B(T) in the Grothendieck group of varieties, and prove Theorem 1.0.3. We compute: 


|B] = |B \ Sa | + [83| = |C* x C'] + |C] = (L2 17? - L2 L?- L 1 


Now Lemma 6.3.7 asserts that B(T) = (Г/е) if e is a bridge. Moreover, we know that 
B(T) = B(T \ е) x 8(C9) if e is a loop, by Lemma 5.1.3. 
The key remaining point is: 


Corollary 6.4.1. In the Grothendieck ring of varieties, 


Y xe 8| = |у +L- |Y fe C*]. 
Proof. By Lemma 6.3.4, У x Ss is an A!-bundle with section over Y //; C*. In other words, it 


is a line bundle, and thus Zariski locally trivial over Y //; C*. Its class in the Grothendieck ring 
therefore factors as L - |У /; C*|, and the result follows. 


Proof of Theorem 1.0.3. Indeed, by taking Y = (Г /е) in Corollary 6.4.1, and substituting via 
Lemmas 5.6.2 and 5.6.4, we find |%(Г)| = |$8(T/e)| -L|98 (D V e)]. This gives a recursive formula 
for [93 (Г) |, with initial term |98(e)| = 1. The universal solution to such recursions is a sum over 
spanning trees I" € Span(T ) described, for instance, in [Bol, Chap. 10, Thm. 2]. In our case it 
gives the desired formula: 


(33) B= Y^ (L-A 


Г’'єбрат(Г) 
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We will give a second proof of Theorem 1.0.3 in Remark 6.5.9 below, by directly exhibiting a 
stratification by spaces which account for the terms in the above sum. 


6.5. Charts and strata. We apply the construction of Definition 5.5.1 with (D, Z) = (Sx, B) to 
obtain open sets Ur; for I" C Г. Note the identification B V Sq = [C* x С^]. We write: 


D, := B(T) \ Ure e € E(T) 


Recall we obtain B(T) from symplectic reduction of 877 с (C?)5), Explicitly, De is the 
symplectic reduction of the locus (x. = 0) C B(T). (The coordinate x, transforms under a 
nontrivial weight of the torus we quotiented by to form 93 (Г), but descends to a section of a line 
bundle, whose zero locus is still meaningful.) From the definition we see 


Uy =Z(T,n)\ LU D. 
e€ E(I") 


Lemma 6.5.1. The opens Uy: indexed by spanning trees Г! С Г define an open cover of Z (V, т). 
These open sets carry isomorphisms Up = BETI’), 

Proof. The opens Ur are exactly those obtained from Lemma 5.5.2, starting from the closed set 
Sa C B. Lemma 5.5.4 and the identification B V Sy 2 [C* x С^] determine isomorphisms 
Up & BEGET), 


Lemma 6.5.2. The divisor D(T) := |] De C B(T) has simple normal crossings. 


Proof. The intersection of D(T) with the opens Up of Lemma 6.5.1 is identified with the normal 
crossings divisor |] er, De under the isomorphism Up, = BEEM”, 


For J C Е(Г), we write S; :— [7] 
submanifold. We have the relation: 


«cj Ре. By Lemma 6.5.2 that S; is a real codimension 2|.J 


Lemma 6.5.3. There is a map ту: 5; — B(T \ J,n\ J) expressing S; asa rank |J| vector bundle 
over B(T \ J, 7 \ J) апат J is defined as in Remark 2.0.8. 


Proof. Consider the basic space 95. We have a diagram 
B «— — — {т = 0} 

The map « makes {x = 0) a C*-equivariant rank one vector bundle over n, trivialized by the 
function y. Note also that the moment map (1 4- zy) has constant value 1 on this locus. 

S is by construction a quotient of (IL... = 0} x They ») (Yu (n) by © Г, С*). Тһе 
maps {ze = 0} — п fore € J combine to give a map 

(Пе - Пв) Pu > (Iex Ts) Qin. 
ecJ eg J ecJ e¢ J 


This is a C! (T, C*)-equivariant vector bundle (if we ignore the equivariant structure, it is a 


trivial vector bundle) over the target with fiber C’. Taking the quotient by СҮ, C*) defines а 
H'(T V J, C*)-equivariant vector bundle т: Sy > B(T V J). 
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Note that as S; is a real codimension 2|J| submanifold, there is a Gysin map 
(34) H*?7(8;, Q) + H*(B(L), Q) 


The following lemma establishes the required commutativity we need to later define a deletion 
filtration on the cohomology of the B(T). 


Lemma 6.5.4. For I’ C Г, the map 
Не ENB (T), Q) S gr TP (Do, Q) > H° (B(T), ©) 
is equal to the composition (in any order) of a? for e € V V T*. 


Proof. This holds by definition when |I V I’| = 1. In general, it follows from the fact that for any 
ordering (ei, ..., €n } of T VI", each inclusion in the corresponding flag of subspaces Прг, С... С 
De, зе, C De, C Do = B(T) is the inclusion of a real codimension 2 submanifold. 


We now turn to the construction of a stratification. The space 5 has a decomposition 8 = 
(C* x C*) LI A! (see e.g. Proposition 6.1.3 (6)). Here we construct similarly a stratification of 
B(T) by vector bundles over algebraic tori. 

For J C Г, we recall the already defined 5 ; and introduce two related spaces: 


(35) SJ = N De Kj = U S Jue QJ := SJ \ KJ 


ec J edJ 


Example 6.5.5. Let Г = (> and let e be the only edge. Then 5) = $8(C9), Kg = Ss = {x = 0} 
and Ор = B(Q) V Sx = (x z 0}. On the other hand 5, = Sy = Qe, К, = 0. 


Lemma 6.5.6. 5; = ( if U \ J is disconnected. 
Proof. Combine Lemma 6.5.3, Lemma 5.1.5 and Remark 2.0.8. 


Proposition 6.5.7. Suppose T \ J is connected. The restriction of тз to Оз defines a H! (T, C*)- 
equivariant vector bundle over H'(T \ J, C*) x Hi (T V J, C*)4 j. 

Proof. From Lemma 5.1.7, we have: B(T, 7)\Р(Г) = [C* x C*J(T, т) = H! (T, C) x Hi (Г, C*),, 
where the middle term is the graph space associated to [С* x C*], in the notation of Definition 5.1.1. 


The stated result now follows from Lemma 6.5.3, after substituting Г V J for Г in the previous 
line. 


Proposition 6.5.8. B(T, n) = [[Q;. 


Proof. By construction, Q; is the locus of points in Z(T) contained in D.,e € J and not in 
Dee ё J. 


Remark 6.5.9. Combining Lemma 6.5.6, Proposition 6.5.7, and Proposition 6.5.8, we get another 
(and more explicit) proof of Theorem 1.0.3 (3). 


Remark 6.5.10. Going back at least to the work of Deodhar [Deo], stratifications by (C*)* x 
C^ have been found frequently in representation theoretic contexts. At least since [STZ, Prop. 
6.31], we have known that such stratifications often admit modular interpretations: often the spaces 
are moduli of objects in the Fukaya category of a symplectic 4-manifold; and the strata each 
parameterize objects coming from a given immersed Lagrangian. 

The present case is presumably another example. From [BK] we learn that B(T) is a moduli 
space of microlocal sheaves on a singular real surface L = (J L;, where the L; are the smooth 
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irreducible components. In this context it is most natural to view L as the Lagrangian skeleton 
of the symplectic plumbing W of the T* L;. By e.g. [GPS3, Cor. 6.3] we may trade microlocal 
sheaves on L for the wrapped Fukaya category of W. Now a spanning subgraph I” C Г determines 
an immersed Lagrangian: smooth the singularities of the skeleton corresponding to the edges I”, 
and leave the nodes іп Г \ I’. A rank one local system on this Lagrangian, together with some 
extra data at the nodes, determines an object in the Fukaya category. The space of such choices 
is (L — 1)25 TLITI- Tt is also possible to give a similar description directly in terms of the 
microlocal picture of [BK]. 


6.6. €(T) via differential forms on % (Г). The purpose of this subsection is to show that the 
complex €(T) computes the cohomology of (Г). This will be done using differential forms 
and the residue sequence (see Section A.2) for a certain stratification of B(T). As the space 
(T) is affine, as are all strata we encounter, we will everywhere take termwise global sections in 
complexes of sheaves of differential forms, and discuss the resulting complexes of sections rather 
than complexes of sheaves. We preserve the notations of Section 6.5, especially for the spaces 
(35). 

As Q has the homotopy type of a torus (Prop. 6.5.7), there is a quasi-isomorphism A*H' (Qj, C) 
H*(Q;, C) > (0*Q;, dar); here the LHS has the zero differential. Let us recall how to exhibit 
such explicitly. Let V be a complex vector space with lattice Vz and dual V*. Then any w € V* 
defines a 1-form dw € Q! (V), which descends to a closed one form (which we denote by the same 
symbol dw) on the torus V/V;. This defines a linear map H! (V/Vz, C) = V* > Q!(V/V;); taking 
exterior powers, we obtain the quasi-isomorphism A*V* — (Q*(V/Vz), dag). 

Definition 6.6.1. Consider V = Н, (Г V J, C) Ө H'(T V J, C); it is is self dual, with lattice Vz :— 
H (T VJ, Z) 6 H'(T \ J, Z) and quotient V/Vz = H4(T \ J, C*) x H' (TV J, C*). Thus we obtain 
a map 


(36) — H(DXJ,C):- Hi(UNJ,C) o H'(PXVJ,C) он, (Галс) x H'(TXJ,C*)). 


Composing with the pullback along the vector bundle ту: Q; — H4(DV J, C*) x H' (TV J, C*), 
we obtain a map 


I 


Су: 


TO= 


We use the same notation for the induced quasi-isomorphism c; : A*H(T V J, C) > (9%, dar). 


Example 6.6.2. We continue Example 6.5.5. We have H(C», С) = Cy Ф Ce. Then c(y) = “ and 
с(е) = dryt1) 
xy+1 

Remark 6.6.3. Using the stratification of B(T) by the Оу (Prop. 6.5.8) and the above identification 
of the cohomologies of the Q;, it follows formally from excision sequences that H*(8(T), C) 
can be computed by a complex with underlying graded vector space CD ; A*H(I \ J, C), whose 
differential respects the filtration by |J]. Identifying the differential with that of @(Г), however, 
necessarily involves understanding how the closure of one strata meets others. It is this which we 
accomplish using log forms and residues, below. 


We recall the notation D7 — („еу De from Appendix A.2. 
Lemma 6.6.4. К; = D" NS). 


Proof. A point lies in Sy if it is contained in D, for all e € J. A point lies in Ky if it is contained 
in De for all e € J and at least one e ¢ J. 
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By Lemma 6.5.2, Ку is a simple normal crossings divisor in Sz. The key point that allows us to 
work with the log de Rham complex is: 


Proposition 6.6.5. The image of c; : H(T V J, C) > 0b, lies in Q5 (K;). 


Proof. The proposition asserts that the forms in the image of су, a priori defined on QJ, in fact 
extend to meromorphic forms on 5 ; with logarithmic poles along divisors of the form Q Jue. 

We check this using certain open charts which contain both Q; and @ jue. For each spanning 
tree I" C Г, Lemma 6.5.1 gives an open Ur and an isomorphism Ur 2 $87 (V^, The intersection 
(ү, Ur is precisely $ (T) V ОГ, and the composition 


BE x H (T, С*) = B(T) \ p es ($8 x $5) ЁГ? сы (С* x Cert 


is described by Lemma 5.5.7. Now suppose I" C Г \ J. There is a corresponding contraction 
TVJ 2 (PX J)/I' = Q4 70V. inducing 


Pa Hi(P V J,C*) x HX J,C*) = (Сх Сх), 
We have an inclusion of opens 
ee Qr C SNL) 8л. 

eel” 


The right-hand side equals 
(39) Ur N Sy = BATU) x бу, 
Under the isomorphism (39), a dense open subset of the divisor Sjye C S; is identified with 


{re = 0) c BETU) x S. Moreover, the composition of (38) and (39) fits into a commutative 
diagram 


QJ = > (B\ Sg) ATU x Sj ——— BATU) x Sj 


(40) |" | | 


HAP \ J,C*) хНЧ(Г\,С*) —©—— (Сх x CX)FNP'UJ) у grr’) 


where the bottom left map is (37) and the middle vertical and bottom right maps are induced by 
B \ Sy S C* x C*. 

Pulling back by the bottom left isomorphism of Diagram (40), the map (36) is identified with 
the map 


(T \ J, C) SES (Q!(C* x Cyne 


given by 
1 ах. d(xeye + 1) 
41 = е . 


Here e ranges over Г \ (I" U J) and 0, is defined by 0 = 2 eT Tu) Өе, as in Lemma 5.5.6. Via 
the lower right-hand map in Diagram (40), we can view the map (41) as a meromorphic form on 
$8 TC" UJ J; 

By Equation (41), the image of c; has logarithmic singularities along 5 л. = {£e = 0} for any 
e € PN (T'U J). Since we can pick I” to avoid any e ¢ J for which the divisor 5 дс is nonempty, 
the image has logarithmic singularities along Ку C 57. 
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Corollary 6.6.6. The induced map су: N° H(T'\J,C) — (05 (K3), dar) is a quasi-isomorphism. 


Proof. This map, composed with the quasi-isomorphism from the log de Rham complex to the 
ordinary de Rham complex on Q ;, is a quasi-isomorphism. 


Proposition 6.6.7. The following diagram commutes. 


A? HL \ J, C) ——+ MSK) 


(42) | ; Jesue 


NHO Ue, C) => Ort juel Kue) 


Proof. We will prove the case J = (); the other cases are identical. As in the proof of Lemma 3.0.2, 
we can write Н(Г, C) = ЕФ K where K = Н, (T V e, C) & H! (T, C) and F is any complementary 
rank-one subspace. We also fix a spanning tree I" C F \ (J Ue). 

Let us first assume e = 1. By Equation (41), we see that res; , лс oc; factors through the 
projection to F, and is given by the pairing (e, у). This proves the result when e = 1. 

For e > 1, we can write A* H(T, C) = FA A* КО Л К. Then тезу, лос осу kills the second 
summand, and acts on the first by resj_,jueoc(o ^ T) = (e,o)c(r)s,,, where с(т) 5, is the 
restriction of c(7) to 5л. To compute this restriction, we use Equation (41), which immediately 
implies c;(7)s,,, = CJuelT). 

Comparing with the formula for d, yields the result. 


We now use the residue exact triangles from Appendix A.2. 


Theorem 6.6.8. Define с by taking the direct sum of the maps c; for all J. Then c induces an 
inclusion of complexes €* (T, C) > Or) (see Def. A.2.1), which is in fact a quasi-isomorphism. 


In particular, this induces a canonical isomorphism H*(€* (P, C)) > H*($8(T), C). 


Proof. First, let us observe it is an inclusion of bigraded (by degree of wedge and size of J) vector 
spaces. 

The de Rham differential vanishes on the image of c, since by construction it is composed of 
wedge products of closed forms. Proposition 6.6.7 shows that dres restricts to de. 

The fact that the map is a quasi-isomorphism can be seen as follows. Filter both complexes by 
the size of J, and consider the associated map of spectral sequences. It induces an isomorphism in 
cohomology on the first page by Corollary 6.6.6, and thus on all subsequent pages. 

For the assertion regarding cohomology, note that since B(T) is affine, Proposition A.2.5 yields 
a quasi-isomorphism Qg) =? p Ox. This combines with the quasi-isomorphism c: e (Tc 


POS, to give the stated result. 


Remark 6.6.9. In fact, the above argument shows that €*(T, C) > P Огу is an isomorphism in 
the filtered derived category, where both sides are filtered by the size of J. 


Definition 6.6.10. The Betti deletion filtration is the increasing filtration obtained from Definition 
1.0.6, where the covariant functor A is defined on objects Бу Г +> H*($8(T), Q) and on morphisms 
by taking the inclusion I” — T to the composition of deletion maps a? (in any order) fore € Г\Г/. 
(Independence of ordering follows from Lemma 6.5.4.) 


Proposition 6.6.11. The map с identifies the € deletion-contraction sequence with the Betti dele- 
tion contraction sequence, and the €-deletion filtration with the Betti deletion filtration. 
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Proof. The quasi-isomorphism c of Theorem 6.6.8, and its analogues for Г \ e and Г/е, defines а 
map of short exact sequence from Sequence (12) to the exact sequence 


02 ^05? = PAS > POyip, 4 0 
of Proposition A.2.3. (The commutativity of the c with the morphisms of in sequences holds 
because both exact sequences are the exact sequences associated to a cone, and the cone is over 


morphisms which we have already seen to be compatible in Proposition 6.6.7.) Applying the 
comparison from Corollary A.2.6 recovers the deletion-contraction sequence. 


Proposition 6.6.12. The Betti deletion-contraction sequence is strictly compatible with the Betti 
deletion filtration. 


Proof. Follows from Proposition 6.6.11 and the corresponding fact for the € deletion-contraction 
sequence (Cor. 3.0.10). 


Remark 6.6.13. The dependence of the remainder of this article on the present subsection factors 
through the statement of Proposition 6.6.12, which does not involve Є(Г). One could imagine this 
statement has a proof which does not require the comparison with Є(Г), but we do not know one. 


6.7. Deletion versus weight filtrations. 


Theorem 6.7.1. The weight filtration is given by doubling the Betti deletion filtration: 
WoxH*(98(L), Ф) = Way, H*(88(0), Q) = DH (B(T), Q). 


Proof. First let us check the result when every edge of Г is a bridge or a loop. By Definition 1.0.6, 
in this case the first nonvanishing step of the deletion filtration is D;H'($8(T), О) = H'($8(T), Q). 
We compute the weights. Recall from Lemma 6.3.7 that contracting bridges does not change B(T); 
correspondingly we may as well assume I' is a vertex with n loops. For this space 


H*(85(D), ©) = H*(B()", Q) = H°(B, Q)?" 
It follows from Proposition 6.3.1 that the degree 1 cohomology of ће RHS has weight 27, as 


desired. 
Next, let us show that for any I’, we have 


(43) D,H* (98(I), Q) С ИН (B(T), Q) 


We proceed by induction on the number № of edges that are neither bridges nor loops. We have 
already treated the case № = 0. Suppose № > 0. Note that D;H° (S(T), Q) is spanned by the 
images under a? for various e € Е(Г) of Dj, ,H*?($8(T \ e), Q). Consider the sequence 


э HBT \ е),Ф) ® @(—1) S meos). 0) Š н\(®(г/е), 0) 5 


By induction, we have that D; ,H^?(98(T V e), О) с Wa, 3H* ?($8(T V е), О). Taking into 
account the Tate twist, and noting that a? preserves the weight filtration, it follows that the image 
of D, ., H^ ?($8(T \ е), Q) lies in W3,H'(98(T), О), as desired. This completes the proof of (43). 

Finally we are interested in upgrading the inclusion of (43) to an equality. By (43), the identity 
on H*?(93(T \ е), Q) induces a map of associated graded spaces; it will suffice to show that this 
map is an isomorphism. Again we proceed by induction on №, having already established the case 
М = 0. 

Pick ап edge e € Г which is neither a bridge пог a loop. By Theorem 6.3.5, the deletion- 
contraction sequence for e is strictly compatible with the weight-filtration. We write gr" (DC'S,) 
for the sequence obtained from the deletion-contraction sequence by taking the associated graded 
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spaces for the weight filtration. Strict compatibility implies that gr” (DC Se) is exact (see Lemma 
A.3.2). Similarly we write gr??(DC'S,) for the sequence obtained from the deletion-contraction 
sequence by doubling indices and taking the associated graded spaces for the deletion filtration. 

Now, by strict compatibility of the deletion-contraction sequence with the Betti deletion filtration 
(Proposition 6.6.12), we may conclude the sequence gr??(DC'S,) is also exact. 

Consider the map т: gr??(DC'S.) > gr" (DC Se) arising from the inclusion (43). By induc- 
tion, 7 is an isomorphism for the terms associated to Г V e and Г/е. Thus by the five lemma, 7 is 
an isomorphism for the Г terms, as well. This completes the proof. 


7.® 


7.1. Complex analytic structure. The space D will be a neighborhood of the nodal rational curve 
with dual graph © inside a family of genus one curves. We consider the universal cover of the 
universal deformation of P'/{0 = оо}, as described in e.g. [DR, Sec. VII], [Mum], p. 135]. 

Let Dı C C be the interior of the unit disk, and Dž the punctured disk. Take q the coordinate on 
D,. One can form over 0* the family of genus one curves with fiber C*/q7; it is by definition a 
quotient (Dj x C*)/Z. 

The monodromy of this family is such that it is natural to fill the special fiber by the rational 
curve with dual graph ( *, and one wants to extend the quotient description accordingly. The 
picture is that one takes D, x РЇ, iteratively blows up the points at the intersection of the fiber over 
zero and the strict transforms of the sections D, x 0 and D, x oo, and then finally deletes these 
sections. The result has central fiber an infinite chain of Р}. 

It is now possible to extend the Z action, as can be verified most easily in the following coor- 
dinate description. We consider the slightly larger space C x Р!. It is a toric variety under the 
natural action of C* x C*, and the iterated blow-ups (at torus-fixed points) inherit this toric struc- 
ture. Each blow-up admits a compatible set of toric charts С? = C?, with coordinates £p, Yn, glued 
by identifying 


С» \ {tn = 0} © Са \ sa = 0} 
by the relations 
TnUn = Yn41Un4A 
Tn = NET 

If we glue all such charts C? for n € Z, we obtain a complex manifold 9. 
Lemma 7.1.1. W carries the following structures: 

(1) A holomorphic symplectic form €) = d£n ^ dyn. 

(2) A holomorphic function q : W — C given by q(£n, Yn) = LnYn- 

(3) A C* action (£n, Yn) — (rz, T |y), preserving €) and the fibers of q. 


Proof. One checks that the formulas given descend along the above specified gluing. 


Proposition 7.1.2. The Z action on 99 defined by k + (£n, Yn) = (En+k, Yntk) is free and discon- 
tinuous over q`! (D). 


Proof. We check the freeness and discontinuousness separately for z € q- !(ID3) 2 D* x C*, and 
z € d 1(0). In the former case, n € Z acts by multiplication by q” on the C*-factor, which is free 
and discontinuous if |g| Z 1. In the latter case, п € Z acts by translating the infinite chain q~1(0) 
by n steps. 


Definition 7.1.3. We write D = q~'(D,) and 9 = q !(D;)/Z. We write n € 9 for the common 
image of the points (£n, yn) = (0,0). 
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The structures from Lemma 7.1.1 restrict to D and descend to D; we keep the same notation for 
the resulting structures. Note the C* action on D factors through the quotient C* /g7 away from 


q (0). 
Proposition 7.1.4. We have the following: 


(1) The map q : 9 — D; is proper and holomorphic, with unique critical point n. 

(2) The fiber q-! (0) is a nodal rational curve, with node n. 

(3) q admits a section with image disjoint from n and given in coordinates by xo, = Yon+1 = 1. 
(4) The U, C C* action on 3) is free away from its unique fixed point n. 

(5) There exist coordinates around n in which the U; action is т. (x,y) = (та, T y). 


Proof. These can be checked in the coordinates given in Lemma 7.1.1. 


Our construction of D defines a manifold with а U;-action, a U,-invariant integrable complex 
structure Гә, and a U;-stable (L5-holomorphic) elliptic fibration to the open disk D; with special 
fiber a nodal elliptic curve. 

The U,-action can be recovered from the holomorphic map 9 — Di: 


Lemma 7.1.5. Let X be a smooth complex analytic surface and q : X — D; an elliptic fibration 
over a disk, with a single singular fiber at the origin of Kodaira type I, (reduced irreducible 
rational nodal elliptic curve). 

Then there is a canonical action of U; on X. Said action is free away from the singularity of 
the central fiber, and preserves the fibers of q. The quotient X/U, — D; is topologically a circle 
bundle. 


Proof. The smooth locus of the fibers is identified with Pic! ((X/ B), hence carries a Pic? (X/B) 
action. The universal cover X is topologically a C*-bundle over the punctured disk, with an 
infinite chain of rational curves over the origin; the Pic? (X/B) action lifts to the action of a Сх 
acting fiberwise. We restrict this to U; C С*. (Said restriction is canonical, as U, is characterized 
as the maximal compact in C*.) The final assertion regarding X/U, — D; is a local calculation 
at the nodal curve. 


7.2. Hyperkahler structure. In this section we recall how the Gibbons-Hawking ansatz can be 
used to construct hyperkáhler metrics on such elliptic fibrations [AKL, Go, OV, Ст, Gr, GMN]. 
We learned these results from two letters of Michael Thaddeus [Th] to Hausel and Proudfoot. 
Fix the following data : 

(1) A discrete subset S C R°. 

(2) A positive harmonic function V : R? V S > R. 

(3) A smooth U,-bundle т: Хо > R? \ S. 

(4) A connection one-form 0 € O! (Xo) with curvature 10 = 2rin*(xdV), where x denotes 

the Hodge star operator with respect to the standard metric оп R3. 


The connection one-form is uniquely determined by V up to adding a closed U;-invariant form, 
which, as IR? V 5 is simply connected, must take the form 6’ = 0 + 1*df. 
To this data, Gibbons and Hawking [GH] associate a metric g on Xo defined by 


(44) g := V 10.0 Va*ds? 


where ds? is the Euclidean metric on IR?. 


Theorem 7.2.1. [GH] The metric g of (44) is hyperkdhler. 
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More precisely, in [GH] the metric was shown to be Ricci flat, which in four dimensions is 
equivalent to being hyperkáhler. 

The two-sphere of compatible complex structures and Kahler forms can be described explicitly 
[AKL, GrWi]. Choose an orthonormal frame e, ез, ез of IR?, and write (u1, u2, из) for the associ- 
ated coordinate system. Lift these to horizontal vector fields ё}, ёз, ёз on Xo. Let 6o generate the 
U;-action on Хо. Then 


Vey, y 128, y-V26, y-128, 
are an orthonormal frame for д. A compatible compatible complex structure sends V'/?6g to a 
unit vector V !/?(a464 + аоё» + азёз) in the orthogonal complement. We can index the complex 
structure by the unit vector s = ауе + a2€2 + азез € IR?. For example, the complex structure Te, 
is given by 


0 —1 0 0 
1 0 0 9 
(45) 0 0 0 —1 
0 0 1 0 


The kahler forms associated to /.,, Ies, le; are 
шу = dui ^ 0/271 + Vdus ^ dus, 
w = dus ^ 0/2тї + V duz ^ йил, 
шз = dua ^ 0/2тї + Маш ^ dua. 


Lemma 7.2.2. The action of О; on Xo is hyperhamiltonian,with hyperkühler moment map given 
by the projection Xy — IR. 


The choice of s determines a decomposition R? = (Rs)+ Ф Rs = C x R, with coordinates 
(Zs, Us). The component zs : (Xo, I+) — C of the hyperkáhler moment map is holomorphic. 

Now suppose that we have a smooth four-manifold X with а U;-action, and an open embedding 
X/U, C R?. Let S C IR? denote the image of ће U,-fixed locus, and fix data as above. 


Hypothesis 7.2.3. Near each s c S, V + vum E extends smoothly over s, where +1 is the local 
Chern class of the U;-bundle defined by taking the preimage in X of a small sphere around s. 


Remark 7.2.4. By the mean value property for harmonic functions, if V + is bounded, it is 


harmonic, and in particular smooth. 


Ld. 
4n |u—s| 


Proposition 7.2.5. [AKL, Section 2] Under hypothesis 7.2.3, the metric g extends smoothly to X. 
The extended metric g is hyperkahler, and the hyperkühler moment map and the sphere of complex 
structures can be extended smoothly to X. 


Proof. The existence of smooth extension is checked explicitly in coordinates. Such a smooth ex- 
tension is automatically hyperkáhler, since the Ricci tensor is a continuous function of the metric. 
The complex structures are then defined by parallel transport from any point away from the sin- 
gularity. Likewise, the circle action will preserve the extended metric, since the Lie derivative is 
continuous. 


When S C R? is a finite set of points, we can produce a hyperkihler metric on X starting from 
the everywhere positive harmonic function 


1 
(46) De di 
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If the number of points is infinite, but the space between these points grows sufficiently fast, the 
corresponding sum (46) will converge to a harmonic function with the right singularities, and one 
again obtains a hyperkáhler metric. 

Now consider the case where our four-manifold X carries a free action of Z covering a transla- 
tion on R®, and the critical locus 5 is a single Z-orbit. In this case (46) will diverge everywhere. By 
adding a suitable constant to each term, however, Ooguri and Vafa [OV] obtained a series which 
converges everywhere оп R? and is positive on a neighborhood of S of the form D, х IR, where D, 
a disk of some radius r > 0. One thereby obtains a Z-invariant hyperkáhler metric on X, which 
descends to a hyperkühler metric on X = X/Z. 

We now return to the setting of Lemma 7.1.5. X already carries a complex structure, and we 
want to define a hyperkáhler metric compatible with this structure. Gross and Wilson [GrWi] show 
how to accomplish this by adding to Vo a suitable harmonic correction term, defined in terms of the 
periods of the elliptic fibration. The resulting function V will again be positive on a neighborhood 
of S of the form D, x Ж. In fact, they define a family of such metrics depending on є > 0, which 
give the elliptic fibers volume є. The radius r of positivity of V will depend on both є and the 
periods of the fibration. 

Let us now give the precise statement. Given 0 < т < 1, let D, C D be the disk of radius т. Let 
X, be the preimage of D,. 


Proposition 7.2.6. [GrWi, Sec. 3], [OV]: For each є > 0 there exists a radius О < т < 1, and 
а (not complete) hyperkdhler structure on X,, extending the given complex structure I on X, (in 
which q : X, — D, is holomorphic). This metric gives the elliptic fibers volume e, and U, acts by 
isometries and admits a hyper-hamiltonian moment map of the form 


(47) "zx =qX py: X, DxU, 
Moreover, let n € X be the node of q~'(0). Then: 
(1) The only critical point of Tx is n, and тхл) = 0 x 1. 


(2) Away from n, the map vx is a principal U,-bundle, with Chern class -1 € Z = H?(D x 
О; \ Ох 1, Z). 


Proof. We recall the general outline of the argument, for details see [GrWi, Sec. 3]. 

Consider the universal cover X — X; it has deck group Z. The task is then to construct a Z 
and U; invariant hyperkáhler metric on PUR for which the U; action is moreover hyperhamiltonian 
with Z-equivariant moment map q x ñ$ : X — C x К. We do this using the Gibbons-Hawking 
ansatz described above. Ө 

In the situation at hand, we fix an identification X /U, 2 D x IR, and write ио + Тиз (resp. u1) 
for the coordinates on D (resp R). We take 5 to be the Z-invariant subset ((0,n)|n € Z} C CXR. 
Let A € H,(X;,) be the vanishing cycle in a nearby fiber, and extend it to a basis A, В such that 
monodromy around zero acts by A — A, B — A + B. We may normalize the periods of the 
elliptic fibers to be 1 along A. Then the period along B will be 


1 | 
(48) = log(z) + ih(z) 


for some holomorphic function h(z). 
Fix є > 0, and consider the following function 


оо 


1 1 
49 Y= — =й |+ 
Би | eX 3 
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where i 
à, = —,n #0 ag = 2(—y + log(2e))/e. 
en 


Here, y is Euler's constant. The choice of а„ is made so that the sum (49) converges uniformly 
over compact subsets of |z| < 1. Since the individual terms are harmonic, Harnack's convergence 
theorem implies that the limit is also harmonic. It is also manifestly Z-invariant. Each term of the 
sum has a iz, Singularity at exactly one s € S, and this property is inherited by the sum. 


Gross and Wilson show that there exists a function 0 < r(e) < 1 such that on R x Буу, one has 


V := W% + Re(h(z)) > 0. 
We fix r = r(e) and apply the Gibbons-Hawking construction to the fibration X, — R x D, 
and the function V and a suitable choice of connection one-form 0. The result is a Z-invariant 
hyperkáhler metric g on X,, and a compatible sphere (aI + bJ + cK) of complex structures. Let 
I be the complex structure for which the map .X — D is holomorphic, and therefore defines an 
elliptic fibration. One can directly compute the periods of an elliptic fiber as an integral of the 
function V, and verify that these match (48). It follows that the elliptic fibration with complex 
structure / is fiberwise isomorphic to the original elliptic fibration. 
By Z-invariance, the metric descends to X,. A direct calculation shows that the volume of each 
fiber equals є. 


We will often abbreviate и to их. The U, action and map их give X the structure of a 
(U1, U; x C)-manifold. We will however often be interested in the restricted structure of a (U1, U;)- 
manifold given by just using ux. Note from Proposition 7.2.6 (2), it follows that for є Z 0, there 
is an isomorphism of (U1, U1) manifolds 47! (є) S [0; x Uj]. 


Lemma 7.2.7. Proposition 7.2.6 applies to the fibration DÐ — 0}, defining a hyperkühler metric 
on %,. We can take r arbitrarily close to 1 by making є sufficiently small. 


Proof. For the elliptic fibration D — D with coordinate z = q on D, the correction term R(h(z)) 
vanishes. The calculation of r(e) in [GrWi, Sec. 3] shows that r can be taken near 1 for є suffi- 
ciently small. 


Remark 7.2.8. For Gross and Wilson, the important case is є < 1, whereupon these metrics 
approximate a global metric on a K3 surface. On the other hand, we are content to fix some e > 0. 
For the purposes of this paper, the specific choice of r > 0 is irrelevant, and we will suppress it by 
writing D = D, in what follows. 


Remark 7.2.9. We may rescale the metric on D so that the volume of any fiber of q equals one. 
Because the fibers are one complex dimensional, this corresponding Kahler form w is integral. 
This will be helpful for later arguments regarding projectivity. 


Remark 7.2.10. The holomorphic functions zo, q define an isomorphism 9 V q7!(0) = C* x Dj. 
In fact there is a family of such isomorphisms, obtained by 


(50) (20,9) = (f(a)to; q) 


for any map f : Dı > C*. The function 4} : D — R is 0, -іпуагіапі and therefore depends only 
on |20], q. 
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We do not know an explicit formula for 1/5. However, we can give the following characterisa- 
tion. Set t = log |x|. Then ju, solves the non-linear ODE 


du 1 
dt V(u, q) 
To see this, recall the vector field ёо generating the U, action. Then /6 generates the action of 
R* C C*. We have 

Lies (M) = us (dio) = 9(1ё0, Гёз) = g(&o, ёо) = V^. 
Equation (51) has a unique solution up to shifts t — t + c(q) of the argument. These shifts 
correspond exactly to the modifications (50). 


(51) 


Lemma 7.2.11. The form Q = ах, ^ dy, = dlog(x,) ^ dq from Lemma 7.1.1 agrees with the 
holomorphic symplectic form ОС“ := шу + /'—1шк associated to the hyperkühler metric of 
Proposition 7.2.6 


Proof. Fix a contractible open U C D \ 0, and let Xu — U be the restriction of X — D. Gross 
and Wilson [GrWi, Construction 2.6] show that on any such open, QSW = dlog(u) ^ dq, where 
u : Xo — C is a certain holomorphic function scaled with weight one by C* and defined up to 
multiplication by an invertible function of q.^ Since dlog(u) — dlog(x,) = dlog(u/z,) = df (q) 
for some function f : U — C, we have dlog(u) A dq = dlog(z,,) ^ dq. 


Lemma 7.2.12. There is а U,-equivariant deformation retraction of 9 onto q | (D,), where ID, is 
the open disk of radius 0 < є < 1. There is also а U,-equivariant deformation retraction of 9 to 


q (0). 


Proof. Pick any U;-connection on the bundle described in Proposition 7.2.6 (we do not require it 
to be flat). Then the linear retraction D x U; — D‘ x О, or D x U; — 0 x U; induces the desired 
retraction of D via parallel transport. One must treat the case of ће line through 0 x 1 separately, 
as the fiber over 0 x 1 collapses to a point. The preimage of this line is homeomorphic to a disk, 
and parallel transport extends to a retraction to the origin. 


FIGURE 4. A schematic picture of © and its various moment maps and their tar- 
gets. Two fibers of д are shown, and the intersection of each fiber with 15! (1) is 
indicated in black. 


^To compare with [GrWi]: our q is their y, and our u is their exp(27riz). 
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7.3. Vanishing cycles for g. Given any space X and map q: X — C, denote the inclusion of the 
zero fibre by i: q-! (0) — X, and consider the inclusions 


(Веб) < 0}) ^ X € q^"! (Кеа) > 0}) 
The corresponding excision triangle Z,Z!Q — Q — 7,.7*0 B restricts to the nearby-vanishing 
triangle (in some accounts this is the definition of nearby and vanishing cycles). That is, 
0,0 = 2.7.70. 
PQ = i*nT'Q. 
We now return to the case at hand. We define 


So := Tp (RE x 1) 


and write for the inclusions Sp EP, \ So. 


Lemma 7.3.1. S5 is a codimension 2 submanifold of Ð, diffeomorphic to an open disk. 


Proof. Since то is a circle fibration away from 0 x 1, the preimage т; (IR^? x 1) is evidently a 
cylinder. It suffices to investigate the geometry near 0 x 1. This point is the image of the fixed 
point n, where in local coordinates the circle action is 7 - (x,y) = (rz, ту). It follows that the 
fibration is equivariantly diffeomorphic to the standard Hopf fibration IR^ — IR?, where it can be 
checked in coordinates that the preimage of any smooth ray leaving the origin is a disk. 


Remark 7.3.2. In Lemma 11.1.1 below, we use a more elaborate version of this argument to con- 
struct an embedding D C $5, with respect to which So = Sẹ N D. Under this embedding, we 
shall see that 7, J are intertwined with the same-named maps from Equation (28). 


Lemma 7.3.3. Let є > 0 be sufficiently small. We have a retraction of (U1, U1)-spaces D \ So > 
=] 
q (0). 


Proof. D \ So is a trivial U;-bundle over D x U; V [0, 1) x 1. A retraction of D \ [0, 1) to e can be 
lifted to an (U1, U;)-retraction of the total space of the bundle. 


Observe that we have a closed inclusion 


So = 13 (В x 1) C ag ((Re(z) x 0} x U1) = a !((Re(z) < 0}) 
Thus the excision triangle for Sọ maps to the excision triangle for т ! ((Re(z) < 0]). 


LI'Q Q › JJ Q у 
" |] 1. 
ZI'Q > Q > ГО —> 


Proposition 7.3.4. The restriction of the above diagram to the nodal rational curve at q (0) is an 
isomorphism of triangles. 


Proof. The only point of intersection between Sp and the central fiber is the node: Sy a !(0) = 
n. Away from the node, the map q is smooth. Thus along q- ! (0) V n, the diagram restricts to 
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0 > Q > Q ae 


| 1 1. 


0 > Q > Q > 


with all maps given by the identity or the zero map. On the other hand, the Milnor fiber of q at n 
has cohomology supported in degrees 0 and 1, and the degree one homology is generated by any 
orbit of U;. Similarly, the degree one homology of V V V N Sọ (for V a small ball containing n) is 
generated by any orbit of U;, since Sp is a smooth U;-stable codimension-two submanifold. Thus 
the restriction map from V \ V П Sə to the Milnor fiber induces an isomorphism on cohomology. 
It follows that the right-hand vertical map is an isomorphism in a neighborhood of n. Since it is 
also an isomorphism away from n, it is a global isomorphism. Since the central vertical map of 
the diagram is simply the identity, the left-hand map must also be an isomorphism. 


Corollary 7.3.5. VQ = Q,[-2]. 
Proof. We have 


VQ = i*LI'Q-iLhI'Q-i'Qs,[-2] = О„|—2]. 
Here, the first equality is essentially the definition of of vanishing cycles. The second equality 
holds because of the isomorphism of exact triangles. The third equality holds because Sq is a real 
codimension 2 submanifold. The final equality holds because So N q7+(0) = n. 


Remark 7.3.6. The locus Ss is a Lefschetz thimble for the vanishing cycle. 
Remark 7.3.7. In the nearby-vanishing exact triangle of sheaves on q- 1 (0), 

[1] 

VQ — Ql, > 9,0 > 
we substitute VQ = Q,[—2], and pass to global cohomology: 
[1] 
Q[-2] 2 Qe Q[-1] e Q[-2] > Qe Q*"|-1) e Q[-2] > 

Note the similarity to the sequence appearing in the calculation of H° (8, Q) in Proposition 6.3.1, 


save that the weight grading no longer appears. This similarity will ultimately develop into the 
comparison result of Theorem 11.3.1. 


8. (Г) 
8.1. Construction. Per Proposition 7.2.6, the space 9 carries a (U1, C х U;)-structure. 
Definition 8.1.1. Given a graph Г and 7 € Со(Г, C x U1), we set 
DL) := DUC) (Py), 


Writing n = p x v, the space S (T, n) is uz! (p x v)/C (T, U;). The space u7! (p x v) c DEM) 
is the subset satisfying 


(53) У e У шер 


edges exiting v edges entering v 


(54) П П Gb) =. 


edges exiting v edges entering v 
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Proposition 8.1.2. For generic n, the space 9 (Г, т) is a (non-complete) hyperkdhler manifold. 


Proof. It follows from Proposition 7.2.6 that D satisfies Hypothesis 5.3.1 as a (U1, C x U,)-space. 
Thus since we chose generic 7, Proposition 5.3.2 implies D (T, 7) is smooth. 

As и х q is a multiplicative moment map for a hyperkihler action of О, by Proposition 7.2.6, 
4 (T, 7) is the hyperkáhler reduction of a hyperkáhler manifold. 


Proposition 8.1.3. D (T, 7) is equipped with a complex analytic action of H! (T, C*) and a proper 
holomorphic H^ (P, C*)-invariant map qes: D(T, n) — CP? whose image is the intersection of 
the unit polydisk with Н. (Г, С),. 


Proof. Proposition 5.1.4 yields a proper map 9(Г, n) — Hı(T,C x U;),. Composing with the 
projection Н.(Г,С х U;), — Н.Г, C), preserves properness. Concretely, the projection is in- 
duced by restricting (1) to the zero fiber of the moment map and descending to the quotient. The 
result is holomorphic and H! (T, C*)-invariant since q is holomorphic and C*-invariant. 


Note it is possible to arrange 7 = (p,v) generic while requiring p = 0, as a special case of 
Lemma 2.0.4. We will henceforth restrict attention to this case, whereupon Н, (Г, C), = H4(T, C). 


Remark 8.1.4. Symplectic reduction of the holomorphic symplectic form 0°") on (Г) gives 
a holomorphic symplectic form Or on 9(Г). The map qes : 9(Г) — Н,(Г, C) determines an 
integrable system, as can be seen e.g. by symplectic reduction from the corresponding fact about 
а: D — D. We consider this structure the counterpart of Hitchin’s integrable system on the moduli 
of Higgs bundles [H2]. 


Proposition 8.1.5. The action of H! (T, C*) preserves Ог. 


Proof. This follows from the fact that the C* action preserves the holomorphic symplectic form on 
®. 


Remark 8.1.6. As with B(T), we can show that the dependence on the chosen orientation is quite 
mild. More precisely, if Г, I" differ only by the choice of orientation, then there is a canonical 
isomorphism of smooth manifolds 
®(Г) > 9(y 

By Proposition 5.2.1, it is enough to find an isomorphism D — 9 of smooth manifolds, intertwin- 
ing the U;-action and the C x U;-moment map with their inverses. One can construct such a map 
by arguments similar to the proof of Lemma 11.1.1. We will not need this result elsewhere in the 
paper. 
8.2. Vanishing cycles and convolution. We wish to show that the calculations of Section 7.3 
"commute with convolution” with an auxilliary (U;, U,)-manifold X, under certain hypotheses on 
X to be described later. 

Recall that by definition, 


X xu uic D := (ux + не) (C)/U; 


As always we implicitly require (and must check for any particular X of interest) that ¢ is a regular 
value of the moment map, and that the U, action on the fiber over C is free. For the remainder of 
this subsection we abbreviate ж :— жу, р, с product, for some fixed с € U4. 

Recall the map q: 9 — C. Composing with projection onto the second factor, we get a map 
do: X x D — C, which descends to 


ga: X * 9 >C. 
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Remark 8.2.1. In applications, often X = 9$ (I), hence has its own фе map. The subscript in the 
notation q> reminds that the map is built only from the q of the second factor D, and has nothing 
to do with this (гез. 


It is immediate from the definitions that: 


(55) X*q'(t) = Ф (t 

(56) Xxn = &'(0)N (Xx So) 

In addition, note that for є 4 0, we have q- ! (c) 2 [U; x Uj] as a (Ui, U1)-space, thus 
(57) qz (e) = Хк Hex 7 0 

Lemma 8.2.2. The following inclusions are deformation retracts: 

(58) 1:900) > XxD 

(59) in: Хжа GO Хх*б% 

(60) 1:9 (© GO Xx(D\So) ec D^O 


Proof. In each case, the claim follows from the existence of a retraction on the basic space: 


(1) The retraction D — 97!(0) constructed in Corollary 7.2.12 is a retraction of (U4, U,)- 
spaces, and thus induces a retraction X x D — X «q-!(0) = q; (0). 

(2) Recall that Sa is the preimage of 0 x IR? under т». The retraction of RS? to 0 induces а 
retraction of (U1, U;)-spaces So — n, which in turn induces a retraction X «x Sg —> X xn. 

(3) We have a retraction of (U,,U;)-spaces D V So — q (c) (Lemma 7.3.3), which then 
induces а retraction X x D V Sg — X «q (e). 


Proposition 8.2.3. Consider the maps 
X«8pcRX-DX Xe So) 
There is the following commutative diagram, with each row an exact triangle: 
H*(X,Q) 


T 
al жые 
te 


H*(X x So, ПФ) — H*(X+D,Q) — H*(X x (D \ S2),Q) 45 


(61) a 2n | 


H*(X xn, ПО) —— H*(g7 (0), Ф) —> H*(q7*(0),i*J,J*Q) 1, 


| | | 


He (a7 (0), 9,9) — Н'(д;1(0),0) —> Н°(д; (0), YQ) 4 


Here, є is any nonzero element of D. 


Proof. We will use the additional triangle 


qz ((Re(z) < 0}) 5 X*D «- qz ((Re(z) > 0}). 
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We have the comparison between excision triangles: 


ГО Q > J, J*Q Б,» 


© | |] 


ZiQ-——5Q-—— LTr L 


and its restriction along i: q3 (0) C X xD: 


Те == Q =r 95 


" Ll | |, 


PQ › Q > Vp Q —— 


which we may push forward again by 7, to find 


ГО › О > J, J*Q th 


а аана м 


LELI — iQ —> i4*J,J*Q — > 


Lo | |, 


о О EE o NR RS 


(64) 


The main 3x3 square of Diagram (61) is found by taking global sections of Diagram (64), and 
using Equation (56). The indicated maps are isomorphisms by Lemma 8.2.2. 


Lemma 8.2.4. The singular locus of qo is contained in X жп. 


Proof. Let z € 9 \ п. Choose a small open neighborhood of polydisk V; x V2 containing 79(z) € 
ID x Uj, not containing the point (0, 1), on which the О, bundle “5 can be trivialized. By Corollary 
4.4.6, we have a diffeomorphism 


ту (V; x V) * X S V, x ux (Va) 


and under this isomorphism q2 becomes projection onto Vj. This concludes the proof. 


Hypothesis 8.2.5. There is an open contractible neighborhood 4 C О; of ¢ € Uj, such that: 
(1) The map их: X — U; is locally constant near Ç, in the sense that for some interval 
C € U C U, the space иу (У) C X is isomorphic as a (Ui, U;)-space to [У x ux (C)]. 
(2) The action of U; on шх (C) is free. 


Proposition 8.2.6. When Hypothesis 8.2.5 holds, X x Sg is a submanifold of X х D with R- 
codimension 2, we have ®,,Q = Qxin|—2], and all vertical arrows in Diagram (61) are isomor- 
phisms. 


Proof. The key points are to show 
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(a) X х So is a real-codimension two submanifold of X х 9 
(b) The left vertical map i* 1'Q > ФО of (63) is an isomorphism. 


Indeed (a) implies ГО = Q[—2]; thus because i, is a retraction, it would follow that i7, is an iso- 
morphism in Diagram (61), hence that all vertical arrows between the top rows are isomorphisms. 
Then (b) implies that Diagram 63 is an isomorphism of exact triangles. From this, together with 
(а), we may deduce ®,,Q = Qxin|—2] as in the proof of Corollary 7.3.5. Also, by taking global 
sections, we find that the vertical maps between the bottom two rows of (61) are isomorphisms. 

We turn to establishing (a) and (b). Both are local statements. First we study them away from 
X хо, іе. in X x (9 \ n). Since D \ р is a principal U;-bundle (compatibly with S5), it is easy 
to see that (a) holds here. As for (b), we will show both terms vanish. For 7*J\/'Q, this is simply 
because i*J, of anything is supported on q; (0) N So, which by (56) is X ғ n. And it follows 
immediately from Lemma 8.2.4 that ®,,Q is also supported on X x n. 

We now study a neighborhood of X x n. Recall 4 is some neighborhood of ¢ € U;. Let 


B := us (6-4) 
(Since U; is playing the role of moment image, in keeping with our general conventions we use 
additive notion for its group law.) 
As B is an open neighborhood of n € 9, the space q; !(0) N (X є B) is a neighborhood of 
q3 (0) N (X жп). Observe 


X * B= (их + ug) (O/Ui = ux (U) x B. 
By Hypothesis 8.2.5 (1), we have an isomorphism of (U,, U,)-spaces 


(65) их (М) = [ux (e) x $t 
where the moment map on ће RHS is the projection иу (C) x 4 > $C. By Hypothesis 8.2.5 (2), 
the action of U; on u% (C) is free, hence defines a principal U,-bundle p: uy (С) — uy (C)/U,. 
Working locally, we may assume the bundle p: uy (C) — иу (C)/U, is trivial. That is, we have 
reduced ourselves to establishing the stated result of the proposition with X replaced by а (U4, U,)- 
space of the form Y x [U; x U], where the Uj action is translation on the U; factor, and the moment 
map is just projection to У C U4. As we have (functorially) (Y x [U; х) x K = Y x K for any 
(U,, U,)-subspace K С B, (a) is obvious and (b) follows immediately from Proposition 7.3.4. 


Remark 8.2.7. Note in particular that Proposition 8.2.6 implies H*(q; ! (0), VQ) = H° (q3 (€), ©) 
even though we do not require q» proper. 


8.3. A larger family. Here we introduce a larger family qres: Y(T, п) — (CP, from which 
фев: 9 (D) — Н\(Г, C) may be recovered via base-change along the inclusion Н, (Г, C) c C#“), 
Later, we prove results (D) by first establishing their analogues for Y(T, 7) and then studying 
the restriction. 

Recall that D had the structure of a (Ui, 0; x C)-manifold. We write Y for the space D viewed 
as a (U,, U,)-manifold, i.e. we forget the projection to D. 


Definition 8.3.1. For v € Co(T, Ui), we write Y(T, v) :— Y(T, и). 


More explicitly, we have Y(T, v) = и) СГ, 01), where: 


(66) 880) 5 ur (v) -1 l| < П uy" =} 


edges exiting v edges entering v 
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Proposition 8.3.2. For generic v, the space Y(T, v) is a (non-complete) Kühler manifold, equipped 
with a complex analytic action of H! (T, C*) and a proper holomorphic H! (T, C*)-invariant map 
res: Y(T, v) — CED whose image is the unit polydisk. 


Proof. The proof is similar to that of Proposition 8.1.3. D satisfies Hypothesis 5.3.1 as a (U4, U1)- 
space, and v was chosen to be generic, so U(I', v) is smooth by Proposition 5.3.2. Proposition 
7.2.6 shows us is a multiplicative moment map for a Kahler action of Ui, so Y(T, v) is Kahler. 
The complex analytic action of C* on D descends to an action of H! (T, C*) on G(T, v), preserving 
the fibers of Gres. 


Note that if v € Со(Г, U1) is generic, then so is (v x 0) € Со(Г, C x U1). We have the following 
fiber product diagram: 


DI, v) —— ЯГ,» x 0) 


(67) | ө |е 


Нн\(Г,С) = 3 CEO, 


Note that neither of ће vertical maps аге surjective. We suppress the dependence on v for much 
of the remainder of the article. 


Remark 8.3.3. Let C be a nodal curve with rational components and dual graph Г. Let В be the 
base of a locally versal family of deformations of C; it has dimension (# of nodes of C) = |E(T)|. 
Given an auxiliary choice of stability parameter, there is a family of versal compactified Jacobians 
J >B. 

The family qres: Y(T, n) — CET) is very similar to this family, although neither one is the base- 
change of the other. In particular, the notation %9 is meant to suggest “versal”. Meanwhile фе: 
D(T) — H (T, C) is similar to the relative compactified Jacobian of a subfamily of deformations 
of C within a fixed ambient holomorphic symplectic surface 5. 


8.4. Some retractions. Many of the spaces we consider here are equipped with maps m : X — 
V to a vector space and a retraction to the central fiber 7~'(0). Here we record properties and 
examples of such structure. 

We say a closed subset A C V of a vector space is semiconical if it is stable with respect to 
scalar multiplication by {r є [0, 1)}. 

Let ri: D — D, t € [0, 1] be the retraction onto 07! (0) constructed in Corollary 7.2.12, and let 
pF); DET) —› q71(9)E0) be the product retraction. 


Lemma 8.4.1. Let A C CF be semiconical. Let T C Ure be a subtorus and С € Lie(T)*. 
Then r=) descends to a retraction (qP)-1(N) e T onto (qP1)-1(0) fe T. 


Proof. We first claim that т Ё®) restricts to a retraction of (q))-! (A) onto (q@“))—1(0). Indeed, 


recall that gor; covers a linear retraction ID — 0, and js or, = dm It follows that re ©) preserves 


(T) 


A, establising the first claim. Since jit oTr, = jie it follows that re preserves the 7'-moment 


map. It is also UY D invariant, hence it descends to a retraction on the quotient. 


Corollary 8.4.2. Let A C A’ C CF? be semiconical. Fix a torus Т C UY The inclusion 


(а) (Л) у T. > (qE(0))-1 (A^) у T induces an isomorphism in cohomology. 


Corollary 8.4.3. The inclusions йр (0) — D(T) and D(T) — Y(T, л) induce isomorphisms in 
cohomology. 
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Proof. Both are special cases of Corollary 8.4.2. Indeed, We have D(T) = (qF1?)-! (A)/T where 
A = H, (T; C) and T = UY, The same holds for Y(T, n) with A = CE® and T = UY. 


8.5. The deletion-contraction sequence. We now consider X = D (Г/е), with (U;, U;) structure 
as in Definition 5.6.1 and с = 7). Let us now verify Hypothesis 8.2.5 for this space. 


Lemma 8.5.1. Condition (2) of Hypothesis 8.2.5 holds for generic choice of п. 


Proof. Consider the embedding 9(I/e, п/е) C 9(Г/е, m/e). By construction, both the action of 
H'(T, U,) and the map их extend to the larger space. 

By Lemma 5.6.4, we have Y(T \ e,n Ve) = U(T/e,n/e) ж, 0. The right-hand space is 
by definition the U; quotient of иу (пе) C 99(L/e, п/е). By genericity of n, this is a free U4- 
quotient. Thus the same is true after restriction to the closed subset 9 (Г /е) n иу (Mey): 


We turn to checking the local constancy asked in Condition (1). Note that in our setting, the map 
их: X — (0, is not proper. 
Lemma 8.5.2. Let ui: 9(Г) > Hi(T, Ui), be the residual moment map. Let o: H1(T, Ui), > 
U, be the restriction of a character of C4(T, Ui). For all but a finite set of С € Ui, Condition (1) 
of Hypothesis 8.2.5 holds, i.e. there exists an open neighborhood У of С and an isomorphism of 
(U1, U1)-spaces (a о ur) ^ (U) = (ао us) (C) x 4j. 


Proof. In general, for а map Е — В, a (nonlinear) connection is an assignment, for each path 
in the base B with endpoints x, y, of a diffeomorphism E; = Ey, compatible with composition 
of paths. Given a stratification of B, by a stratified connection on E — В, we mean the data 
of a connection on each stratum. In the presence of a group action, we can discuss equivariant 
connections (those which commute with the group action). 

Recall from Proposition 7.2.6 that D maps to C х U; and is a principal U;-bundle over D x Ui V 
0 x 1. Fix a U,;-equivariant connection У“ for this bundle (i.e. a principal bundle connection in the 
usual sense). We stratify C х U, by 0 x 1 and its complement; this also defines a stratification of 
the subspace D x U1. Then D — D x U; carries a stratified connection V, where V (^) is defined 
by parallel transport using V* over the open stratum. Since the closed stratum 0) x 1 is a point, it 
requires no extra data. 

We now turn to D(I’), and setn = |Е(Г) |. Consider the residual moment map u£, xui: 9(Г) ^ 
Hı (T, Cx U;),. Its image B := Hı (T, CxU1),40(D x U1)” inherits a stratification from (D x Ui)". 
Taking products defines a stratified connection V" on D” — (ID х U4)", which descends to a strat- 
ified connection Vr on 9(Г) > B. 

Let v € U,. The spaces H4(T, C) x a^! (v) inherit a stratification from the product stratification 
on (C x U,)". This family of stratified spaces can be compactified to a proper family P(H,(T, C) Ф 
C) хат! (v) of stratified spaces over U,. The result is a stratified submersion away from a finite 
set of points in U4. 

Over the complement of these points, Thom's first isotopy lemma tells us that the family must 
be locally constant. In other words, for ¢ € UU, avoiding a finite set of bad points, there exists 
an open neighborhood С € Я and a stratification-preserving map f : H4(T,C) x a (Ll) > 
Н, (I, C) x a^! (C) x Я, covering the projection to Н, (Г, C) x Я and restricting to the identity on 
Н, (Т, С) x a (С). 

Parallel transport for the stratified connection Vr lifts f to the desired isomorphism of (U4, U;)- 
spaces. 
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We may apply Proposition 8.2.6 to conclude the vertical arrows in Diagram (61) are isomor- 
phisms. Then we may extract from Diagram (61) the sequence: 


(68) 
—> Н? *(D(T/e) xn, Q) — H*(D(T/e) х 9,0) — H*(9(T/e) х (D \ Sa), Q) — 


Recall that the convolution ж products above are xy,. We want to replace these by their subman- 
ifolds given by the corresponding the «c.v, products. Assume е is a nonloop, nonbridge edge of 
I'. Using Lemmas 5.6.2, 5.6.4, we have: 


K* 


H* ?(S(T/e) xy, n, Q) ———— H* ?(S(T/e) xcxu, n, Q) = H* ?(S(T \ е), 0) 
(69) H*(S(L/e) xy, 9,Q) ——— —2 H**(S(T/e) xc«y, 9,Q) = H*(9(D), 0) 


H*(9(T/e) хо, (D \So),Q) —— Н*(®(ТГ/е) «cv, (9 $9). Q) = Н°(®(Г/е), Q) 


Theorem/Definition 8.5.3. Each of the restriction maps is an isomorphism. We may therefore 
define the lower row in the following diagram by requiring that the diagram commute. 


We term this lower row the Dolbeault deletion-contraction sequence (0 -DCS). 


Proof. To see that the map кї is an isomorphism, note that we are in the setting of Corollary 8.4.2, 
with A = Н\(Г/е, C), A = Н, (T \ е, C) and T = UYO. 

Similarly, the fact that к* is an isomorphism follows from Corollary 8.4.2 with A’ = H: (T /e, C)), 
A = H (T; C) and T = UY, 

Finally, 7? is an isomorphism by Lemma 8.2.2; we have also used the identification (57). 


Lemma 8.5.4. The maps а? for different edges e commute when their composition is defined. 


Proof. Using the isomorphism x7 : H*(S(T/e) xcxu, So, Q) S H*(S(T Ve), Q), the map a? may 
be identified with the Gysin map for the codimension two embedding of manifolds 9 (Г/е) xcv, 
So C $9 (TI). The proof then proceeds along the same lines as the corresponding argument for a? 
in Lemma 6.5.4. 

We will give a second, independent proof of this Lemma 8.5.4 in Remark 11.2.2, by deducing 


the commutation of a? from that of a®. 


The commutativity allows us to make the following special case of Definition 1.0.6. 


H*-2(D(L'/e) «c«u, $9,Q) — POT), Q) — 5 H*(D(T/e) «ceu, (9 \ So), 0) > 
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Definition 8.5.5. The Dolbeault deletion filtration is the increasing filtration D,H"(9(T), Q) ob- 
tained from Definition 1.0.6, where the functor A takes Г to H*(9(I), Q) and takes I" — Г to the 
composition, in any order, of a? for e € T \ I". 


8.6. Another sequence. The top row of (70) is identified with the long exact sequence of a pair 
upon replacing n with So in the upper left corner (n — S» is the inclusion of a point in a line, 
hence induces isomorphisms in cohomology). Said long exact sequence has a natural map to its 
*cxy, Version: 


(71) 
Не 2(9(Г/е) х 85,0) —— 5 H*(@(T/e) x D,Q) ——+ H*(9(T/e) x (D \ 55), 0) ——> 


D 


D 


Composing Diagrams (70) and (71) gives: 


(72) 
H*-2(D(['/e) «c«u, $9,Q) < H*(9(T),Q) 25 BH'(2(T/e) «cu, (9\8), 0) <> 


| jen 
c9 


H*"(9(T Ve),9) —*—5 POT), Ф) —— 5 FOC), Q) ——2— 


The left vertical = is induced by the inclusion n > Sọ. 
For later use we record the following structure: 


®(Г/е) суу, (9 \ So) —— D(T/e) x (9 \ So) 


a» | pex 


H,(T,C) —— — —— H,(/e,C) x C 


9. FIBERS AND MONODROMY 
9.]. Structure of the generic fiber. We write DEO for the complement of the coordinate hy- 
perplanes. Our first step is to give a natural presentation of the fundamental group of a fiber over 


DEW. Let b є DEP., We write Y(T), :— q;i(b). 
Lemma 9.1.1. There is a natural short exact sequence of groups 
H'(T, Z) > 1,(8$(D)) > H (C, Z). 
Proof. The basic space 9 is defined as a Z-quotient. Let b € D*, and let C* + C*/b? = q71(b) be 
the restriction of this quotient to the fiber. It induces an inclusion of fundamental groups, defining 


a short exact sequence 
m(C*) 2 m(a (b) > Z, 
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where the image is identified via the inclusion to D with л (9). 
Now let b € ED . The point b determines a ae of ee curves Ey :— J Lerm) q; '(be) in 


DEO), and eee is the Kahler c of E; by р“! . More precisely, there is a moment map 


pe: Ey > uy" ) for the action of ШТ ) on By, and Y(T) is the quotient of the fiber Е, (7) over 
n. Taking cartesian products of the basic sequence of fundamental groups, we obtain a sequence 
which we may write as 
СЧГ,2) 2 m (Ex) > C (£, Z). 

The inclusion E;(7) — E; gives the embedded short exact sequence 

C*(L, Z) > mı (E(n)) > Hı (T, Z). 
The quotient Е, (2) / uy) defines the quotient short exact sequence 

НІГ, Z) 2 m ($9(D)) > H (C, Z). 


We now give a description of Y(T), as a group quotient. 

Recall that be for e € E(T) be the coordinates of b in C#®). To alleviate notation, we will 
number the edges of Г e, through е, and write b; for b.,. Given 8 € H4(T, Z), consider b? := 
(b^, ...., 08") є С" where 8; are the coordinates of the image of under the pullback Н, (Г, Z) > 
С.(Г, Z). Since by assumption, all of the b; are nonzero, Б? defines an element of C! (D, C*), and 
we write Б? for its image in H'(T, C*). This defines a map ть: Н,(Г,2) — H!(T, C*). We write 
09:2) for the image of ту. 


Proposition 9.1.2. 5:02 is a discrete lattice in H! (D, C*). The fiber qg} (Б) is naturally isomor- 
phic to the quotient H (T, C*)/b (2. 


Proof. Consider the cover (C*)"“) —› E,, obtained by taking the Cartesian product of the maps 
C* — C*/b% = q-1(b,). The torus-valued moment map ир! lifts to a real-valued moment map 


pe: (CED — RYO), Pick any lift 7 of т; the quotient (uE)- ОТОМ is ће Galois cover of 
Y(T)» corresponding to the subgroup H!([,Z) C т.(9(Г)ь). By the Kempf-Ness theorem, we 
can identify it with (C*)7(D /(C*)”") = H'(D, C*). We can compute the action of an element 
y € 1r, ($(D),)/H'(T, Z) = Н, (Г, Z) on the cover by choosing a lift to т (Ej); we find it is given 
by multiplication by ть (^). This proves the second claim. 

Discreteness of the image of 7 can be deduced from the fact that the quotient is a manifold. 
Here we give a direct proof. 

The torus C! (T, C*) splits into a real and a compact factor : C! (T, C*) = C! (T, Ui) x C! (T, R^). 
Likewise, we have H'(T, C*) = H'(T,U;) x H!(T, R?^?). The exponential map defines isomor- 
phisms C! (P, R) = C! (P, R^?) and H' (P, R) = H'(T, R*°). Postcomposing ть with the projec- 
tion H'(T, C*) + Н!(Г, R^?) = H'(T, К) defines a map H,(T,IR) — H'(T, R). Tensoring the 
left-hand side with К, we obtain a map of vector spaces 

ть: H (T, R) > H! (T, R). 
It is enough to show that this map is an isomorphism. Let с; = log |b;| < 0, and let [e] € H'(T, Z) 
be the element of cohomology corresponding to the oriented edge e. Then 7; (8) = Y 77 , cif(v;)|e]. 

Define an inner product on C4(L, R) by (x x). :— У ,-—c;xex,. Since it is manifestly 
positive definite, so is its pullback along the injection Н,(Г, К) — С,(Г,К). т is the map 
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Hı(T, R) > (Hi(T,R))Y = H!(T,IR) given by 8 — (8,—).. It follows that it is an isomor- 
phism, as was to be shown. 


Corollary 9.1.3. The restriction of qes: Y(T) — D2“ has a section. 


Proof. We can define such a section by taking the image of the unit section of the trivial fibration 
(C*)7( under the quotient map (С*) #0) > H! (D, C*) — Y(T), from Proposition 9.1.2. 


Proposition 9.1.4. For b є ID(? in the complement of the coordinate hyperplanes, q;.1(b) is an 
abelian variety. 


Proof. It suffices to show that q..1(b) is a compact complex group admitting a projective embed- 
ding. We have shown that Y(T), is a compact complex group. We will now show that 9(Г)ь 
carries a Kahler form ољ with integral pairings w,(() for 8 є Н(9(Г)ь, Z). The Kodaira embed- 
ding theorem then tells us that Y(T), admits a projective embedding. Let 0 be the Kahler form on 
E;; recall that we have chosen it to be integral. We can represent any curve class 6 € H3($9(T),, Z) 
as the image under the quotient map of a curve 8 in E(7). The Kahler form on Y(T), is obtained 
by reduction of that on E;, and thus (8) = б%ь(8) є Z. 


9.2. Monodromy. For a torus A, we have a natural isomorphism H*(A,C) — A'H!(A;C). 
Thus Л* 4. «Оәг) is a graded local system on a hyperplane in Г, with fiber at b given by 
N EYT), Z). 

The monodromy of this local system is determined by the monodromy in degree one. This is 
described as follows. Consider the short exact sequence in cohomology 


(74) HT, Z) H'($5(D),, Z) > H,(T, Z) 
dual to that of Lemma 9.1.1. 


Proposition 9.2.1. Fix an edge e of Г, and consider the corresponding hyperplane in C4(T, C). 
The logarithm of the monodromy of R  GresxQar) around this hyperplane is given by the composi- 


tion H' (B(T),, Z) > H (T, Z) £2, wr, Z) > HUT), Z). 


Proof. Fix a basepoint b near the hyperplane be = 0. Fix a basis e1 = е, e2, .., €g Of H! (T, Z) anda 
basis 71, ..., Yg of Hı (T, Z) such that (7;,e) = 0 for i # 1. Thus (е, у) picks out the coefficient of 
тіп у — Усу. 

Recall the equality Y(T), = Н!(Г, С*) /09:02), Choose branches of the logarithms log(be;), 
and define 7; € H4(99(T);) as the cycle 
(75) r € [0,1] — (exp (т log(be,) (vr; €)) }een(r): 
Let 6; € H,(H'(T, C*), Z) be the tautological cycles; we abusively use the same notation for their 
projections to H,(U(T),, Z). Then е; and 7; form a basis of Н,(9(Г)ь, Z). By following the 
explicit cycle 75 as by — exp(2770)bo, one can verify the proposition. 

Note, however, that the general form of the answer follows without any further calculations. 
Consider a small loop around the hyperplane b, — 0, starting and ending at b. By construction, all 


the basis elements but ^ are globally defined along this loop; it follows that the log monodromy 
factors through H: (Y(T), Z) > Hı (T, Z) A Applying the same reasoning to the Poincaré 
dual basis in H5, 1($9(D),, Z) = AN? Н,(9(Г),, Z), we see that the image of log monodromy 


must lie in the span of e. 
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9.3. Structure of the special fiber. By construction, q;.! (0) is the symplectic reduction of q- 1 (0)? 
by E (D,U,). It is easier to understand this reduction by first passing to the universal cover 


q-1(0) of q-1(0)7(D. The universal cover of q7!(0) is an infinite chain of rational curves 


~ Е(Г 


( 
Р! which we index by the integers п € Z. Thus q-!(0) is an infinite grid of irreducible com- 
ponents [| gr, Pre 


E(T) 

To understand the reduction of q7!(0) — , we will use Delzant’s dictionary between polytopes 
and toric varieties [Delz], according to which a toric variety is classified by its image under the 
moment map. The moment map 


u$ :q73(0) > CT, R) = RP 
maps the component indexed by n = {ne} to the cube = [Legay[ne; Me + 1]. These cubes 


are the chambers of the coordinate periodic hyperplane Бе on C; (T, К). 

Identify U, with IR/Z, and suppose that n € Co(T,Q/Z). Let 7 Д be a lift to Со(Г, Q) with 
all components in the range 0 < 7, < 1. The affine subspace dp'(7) C С\(Г, В) intersects 
the coordinate periodic arrangement in a Н, (Г, Z)-periodic arrangement AP*'. It is given by the 
hyperplanes (y,e) = п + fe fore € Е(Г), п € Z. By our genericity assumptions on 0, АР" 
is a simple unimodular arrangement, i.e. any Ё hyperplanes intersects in codimension k, and the 
integral normal vectors at such an intersection span the lattice H; (Г, Z). 

The chambers of AP are given by An :— On ndr. 109), for those n such that the right-hand side 


is nonempty. Each such chamber A, corresponds to a component Xn :— [Tec zr, pr ШО (Г, U;) 
of the reduction. The reduction of a toric variety by a torus action is toric, with moment map 
obtained by restriction from the moment map of the prequotient, and in particular the moment 
image of X, is An. The components X, and X, intersect along the sub-toric variety determined 
by the mutual face A, N Am of their r polytopes. 


We thus obtain a description of д1 1:1 (0) as a union of smooth toric varieties glued along toric 
subvarieties, whose moment map defines an infinite periodic hyperplane arrangement. The fiber 
qa: (0) itself is obtained by quotienting this picture by Н, (Г, Z). 


9.4. Class of the central fiber in the Grothendieck group of varieties. The map q : D > D 
has fiber q^! (0) a nodal rational curve with dual graph (>. Thus in the Grothendieck group of 
varieties, |g 1 (0)| = |C*| + [point] = L 

The preceeding description of q,,1(0) as a union of toric varieties gives one way to compute 
Iq; (0)|. Here we give a different argument: 


Proposition 9.4.1. The H! (T, C*)-fixed points of 9 (Г) are indexed by the spanning trees T' C Г. 
The fixed point pr» is the reduction by C (T, 101) of the subspace ILa» n x П... 9 € Heer 9- 


Proof. Let p € $ (T), and let p be a lift to 9, p is fixed by Н'(Г, U1) if and only if the action 
of C' (T, U1) on j preserves the C^ (T, U,)-orbit of jj. 
Let T” be the unique subgraph of T such that p € ] Lgr n x Jeer (9 \n) С [Тег 9. Since we 
know the C^ (Г, U,) orbit of p is free by assumption, this subgraph must contain all vertices of Г. 
The action of C! (T, U;) on this subspace factors through a free action of C' (I^, U1), which 


descends to a free action of H'(I’,U,) = C*(T*, U;)/C"(T*, U1) on the quotient space. Hence р 
is a fixed point if and only if H'(I’, U;) is trivial, i.e. T" is a tree. 
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From the description of pr», it follows that it is also fixed by H! (T, C*). 


Corollary 9.4.2. All H! (T, C*)-fixed points of 9 (T) are contained in the central fiber q..1 (0). 


res 


Proof. By Proposition 9.4.1, qres(pr) С pe) ( П. gr Х Iher D). In turn, the right-hand side 
is contained in the image of C3(I", C) — C4(TI, C). Since I" C Г is a tree, the latter intersects 
Н; (Г, С) аї 0. 


Theorem 9.4.3. In the Grothendieck group of varieties, the class of the central fiber is: 
19100) = (# of spanning trees of Г) x A" ©) 


res 


Proof. Pick a cocharacter с: C* — Н!(Г, C*) whose image is not contained in the kernel of any 
restriction map H! (T, C*) 2 H! (T \ e, C*). 

The resulting complex analytic action of C* on ®(Г) preserves the fibers of фе and has isolated 
fixed points рг, € q;.1(0), naturally indexed by the spanning trees I" C Г. 

The attracting cell of a fixed point is a smooth variety with a contracting C*-action, hence iso- 
morphic to C" for some n. Per Proposition 8.1.5, the action of H' (T, C*) preserves the holomor- 
phic symplectic form on 9 (Г). It follows that the attracting cell is Lagrangian, and thus of complex 
dimension 1/2 dim D (T) = A! (T). Since qz} (0) is proper, every C*-orbit has a limit point, and so 


the fiber is the disjoint union of these attracting cells. 


Example 9.4.4. The central fiber of © = D(C) is the disjoint union of the node n and a copy of 
C*. 'Their union is the attracting cell of the node, with respect to either the usual action of C* or its 
inverse. 


Remark 9.4.5. The class of the general fiber has a similar description, which we will not need in 
this paper. Namely, let I" C Г be the (possibly disconnected) subgraph consisting of the edges 
e € E(T) for which b, 4 0. We can view b as a generic point in DC, This defines an abelian 
variety Y(T”)»; itis a product of smaller abelian varieties determined by the connected components 
of I’; the general form of the factors is described explicitly in Proposition 9.1.2 below. Then we 
have 


lat (b)| = |G(L"),|  ( # of spanning trees of T/T") x А” (7/77 


Here T/T” is the contraction of Г by I", where exceptionally we allow the contraction of subgraphs 
of genus > 0. 


9.5. Projectivity. Here we show that qres is projective, at least near the central fiber. The argument 
is independent of Proposition 9.1.4. 7 
Recall the definition of D from Section 7.1. We define a line bundle Z on 9 with transition 
function x,, on the overlaps С? N C2 ,,. £ is naturally equivariant with respect to the C* and Z 
actions. It is not, however, jointly equivariant. Instead, if s}£ denotes the shift of £ by 1 € Z, we 
have an equality of C*-equivariant bundles 57 = x£ where x is the fundamental character of C*. 
The following proposition is direct from the definition of £: 


Proposition 9.5.1. £ restricts to an ample bundle on any finite chain of rational curves in the fiber 
~—] ead 
1 *(0) CD. 


Theorem 9.5.2. There is a line bundle Сг on Y(T, п) and an open neigborhood of 0 € Н. (Г, C) 
such that for any b in this neighborhood, the restriction of Cy to qo} (b) defines a projective em- 
bedding. 
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Proof. We will construct such a bundle starting from the bundle £ in Proposition 9.5.1. By Propo- 
sition 1.4 of [Nak], if f: X — 5 isa proper map of complex manifolds, and a line bundle L on X 
is ample on a given fiber, then it is relatively ample over a neighborhood of the image. Thus after 
constructing Сг, it will be enough to check its ampleness on the central fiber. 

Let ó € C4(T, Z) satisfy dp(¢) = N7 for some integer N. Consider the C! (D, C*)-equivariant 
bundle 


С = Фф e) ( Kee g(r) ex) 


on DECO), Tt also carries an action of C (Г, Z) which does not commute with the torus action. The 
image of О(г C*) + Cl(T, C*) = (C*)", however, commutes with the action of Hı (Г, Z). Thus 
Су descends to a Н. (Г, Z)-equivariant bundle £y on 9" „С (T, U1). 

A component by component application of the dictionary between polytopes and toric varieties 
shows that 92100) is the union of GIT quotients [ [.- zr. Р! / cy C. C*), glued along GIT 


res 
quotients of subvarieties, such that Lr restricts to the GIT bundle O(1) on any component. It 
follows that Zr is ample on any finite union of components. 


We can now conclude that the descent £r of Lp to q. (0) is also ample, by the same argument 
as in [Mum2], Theorem 3.10. 


ecE 


10. PERVERSE LERAY FILTRATIONS 


Given а map f : X — B of algebraic varieties, the middle perverse t-structure on B induces a 
filtration — the perverse Leray filtration — on the cohomology of X. We recall some facts about this 
filtration in Appendix A.5. 


Convention 10.0.1. When we speak without further qualification of ‘the’ perverse Leray filtration 
on H*(S(D), О), we mean the one associated to the map фы: 9(D) — Н,(Г,С) (which was 
defined in Proposition 8.1.3). Likewise, by ‘the’ perverse Leray filtration on H*($3(T), Q), we 
mean the one associated to res: Y(T) — CEO), 


There are two key takeaway results from this section. The first is Theorem 10.3.1 establishing an 
isomorphism H° (D (T), Q) = Н•(Є(Г), Q) intertwining the perverse filtration with the € filtration. 
The argument adapts the methods of [MSV] (where the complex @(Г) plays a similar role for the 
Jacobian of a nodal curve with dual graph Г). The second is Proposition 10.4.1, where we show 
(non-strict) compatibility of the deletion map аз with the perverse Leray filtration. 


10.1. Compatibility of (61) with perverse filtrations. Let us begin with the following general 
discussion. Suppose K is a complex of sheaves on a space Y equipped with a map f: Y C. 
Then the nearby-vanishing triangle defines a long exact sequence 


(76) — H*(f- (0); ФК) > H*(f7*(0), Kl) > Н°(/ (0), Фук) = 


If we view the first and last terms in the sequence as carrying the perverse filtration induced from 
the perverse t-structure on f! (0), and the middle term as carrying the perverse filtration induced 
from the perverse z-structure on У, then perverse t-exactness implies that the maps in the sequence 
respect filtrations. (This would not generally be true if we used the perverse t-structure on f! (0) 
to define the filtration on the middle term.) 

We return the setting of Section 8.2. Let V be a vector space. Suppose that X comes with a 
U,-invariant map qx : X — V, proper over its image. 


I 


I 
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We have the following related maps: 
(1) Compose the projection X x D — X with qx to obtain a map q1: X x D — V. Since 
this map is U;-invariant, it descends to the map 
q: X xD >V. 
(2) Restrict д to the closed submanifold X xn C X x 9 to obtain 
qt: X ха V. 


(3) Compose the projection X x D — D with д: 9 > C! to obtain a map q2: X x D — C. 
Since this map is U,-invariant, it descends to a map 


фә: X * 9 > C. 


(4) Since qx x q: X x D > V x C is invariant for the diagonal U,-action, it descends to a 
map 
d: X*9VxC. 
The maps q? and 0х are proper over their images. The maps qi, q2 are not proper. 
This allows us to define three filtrations: 


(1) H*(.X, Q) carries the perverse Leray filtration associated to qx. 

(2) The map фә: X xD — B x D! is proper, and endows H* (X xD, ©) with a perverse Leray 
filtration. We can transport this filtration to H° (05 ! (0), Q) via the pullback by i: q; (0) > 
X xD (the top middle vertical map in Diagram (61)). 

(3) The map q? endows Н°(Х хп, Q) with a perverse Leray filtration. 


Proposition 10.1.1. /n the above situation, and assuming in addition that Hypothesis 8.2.5 holds, 
the map H* ?(X x n,Q)(—1) — H*(X х D,Q) is compatible with the above perverse Leray 
filtrations. 


Proof. The shift in perverse Leray filtration {—1} arises from our Convention A.5.1 that although 
the perverse t-structure is symmetric around 0, the perverse Leray filtration for a map between 
spaces ‘starts in degree zero’. The cohomological shift by 2 is inherited from the shift appearing 
in the isomorphism ®,,Q = Qxin|{—2]. 

The map H* ?(X x n,Q)(—1] — H*(X х 9, 0), or rather its counterpart in the bottom row 
of Diagram (61), was previously described as being obtained from taking hypercohomology of 
the map 6,0 — QJ a; (0): We may instead first push forward by 012, or rather the restriction 


of qi» to 95 (0), and then take hypercohomology of (q12)«®,,Q — (d12).(Q,-1(5). Since д2 is 
proper, we can switch the order in which we take vanishing cycles and pushforwards. (Recall 
that the commutativity of vanishing cycles and pushforward along proper maps is an immediate 
consequence of proper base change [Del-SGA7, 1.3.6.1].) That is, we should study 


(77) Pra (q12)Q — ((22)«Q), о) 


where the projection rə: B x C — C satisfies q2 = r2 о фо. 

It remains only to note that the perverse filtrations respected by the hypercohomology of (77) 
are precisely those we have used to define the perverse Leray filtrations on the cohomology groups 
of interest. 


Remark 10.1.2. We will not directly check that H*( X х D, Q) — H° (X, Q) respects the perverse 
Leray filtrations we have set up above. Doing so would involve studying how such filtrations 
interact with the vertical maps in the left column of Diagram (61). Because certain non-proper 
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maps would be involved, one would have to show by hand (e.g. by methods similar to those of 
Lemma 8.5.2) some local constancy. 


10.2. Compatibility of (69) with perverse Leray filtrations. In this subsection we are ultimately 
interested in showing that the maps к* and к* from (69) preserve the perverse Leray filtrations 
defined by the vertical maps in Diagrams (84) and (79). To do this we use the transversality 
criterion of Corollary A.5.3. First we give the relevant estimates on various images of derivatives. 


Lemma 10.2.1. At any point z € Ð, we have ker dq + ker dug = Т„®. 


Proof. Recall that the basic map q: D — D is a submersion away from a single point, namely 
(q х ug) 1(0 x 1). Over (q x ug) 1(0 x 1), this holds since ker dq is the entire tangent space. At 
any other point q х из) is a submersion, and dim(ker dq + ker dug) = dim ker dq + dim ker duo — 
dim ker d(q х po) = 24-3—1 = 4. 


Consider now DEO), 


Definition 10.2.2. For z є 9*7, we write R(z) C E(T) for the subset of edges e with the 
property that (qe х рее) (2) = 0 x 1. 


Lemma 10.2.3. The subset dq(T,/ D) C T» DEP is САСАН) с CPO), 


q 


Proof. We can calculate the images of the differential by taking direct sums. 


Definition 10.2.4. A subset R С Е(Г) is said to be independent if its elements are linearly inde- 
pendent in H! (T, C). Equivalently, hı (T V R) = hi (T, C) — |R]. 


Recall the subset ur! () C DEC), which, for generic т, is the space whose free uy” quotient 
is Y(T). 
Lemma 10.2.5. For 7 generic (see Definition 2.0.1), R(z) is independent for all z € up (n). 


Proof. By definition, 7) is generic if for all z € џи! (2), the graph Г V R(z) is connected. Thus 
Х(Г\ R(z)) = 1 — hi (T V R(z)). On the other hand, we have 


x(PA R(z)) = x(P) + |R(z)] = 1 — h (T) + |R(z)]. 


The lemma follows. 


This provides our transversality criterion: 


Corollary 10.2.6. Ifa submanifold M C CF? is transverse to all CEU V9 for independent subsets 
R CT, then M is transverse to the map qres : (Г) — СЁТ\®%, 
In particular, this holds for M = Hi(V, C), or any submanifold containing it. 


Proof. Regarding the general criterion, we may check instead for the map up! (п) + CPV, for 
which the result follows from Lemmas 10.2.3 and 10.2.5. 
Now for M = Н, (Г, C), we calculate: 


dim Н\(Г, C) + dim C£" V9 — dim CF? = hy (I, C) – |А. 


Thus it is enough to show that dim( H: (T, C) n С) < А, (P, C) — |R]. But this is immediate 
from the condition that R be independent. 
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Theorem 10.2.7. The map f* : Н*(9(Г), C) > Н*(9(Г), C) preserves the perverse Leray filtra- 
tions associated to the following Cartesian diagram: 


(78) | | 


Proof. Immediate from Corollary 10.2.6 and Corollary A.5.3. 


We now turn to the situation of interest. Recall the maps к and к. which are defined in (70) and 
appear in Equation (70). 


Theorem 10.2.8. There is a Cartesian diagram 


“(Гу —%—> 9(Г/е)« 9 


(79) | < 


Н, (Г, C) ——À H4(T/e, C) xC 


Here the bottom row is the pushforward along Г — Г/е on the first factor, and the projection 
y — (y, e) on the second factor. 

Moreover, the pullback on cohomology &* preserves the perverse filtrations given by this dia- 
gram. 


Proof. We start by constructing the diagram. By Lemma 5.6.2, we have a Cartesian diagram 


DT) > (S(T/e) x 9)/U, 


(80) | [pe хи 


Н,\(Г,С x U) — Н(Г/е,СхО,)хСхїЇ,. 
We have H4(T, C x Ui) = H4(T, C) x Н{(Г,О,), and the bottom map is the product of the maps 
of the same description with C and U, coefficients: 
(81) Н\(Г,С) > Hi(T/e,C) x C and Н.(Г, U1) > Hi(L/e, U1) x U. 
Let Im(H4(D, U,)) с (Hi(L/e, U1) x U1) be the image of the right-hand map. We can factor 


Diagram (80) as a pair of Cartesian squares 
(82) 


SI f » 9(Г/е) х9 > (S(T/e) х 9)/U; 
H4,(T,C) x H (T, U) ——> (H4(T/e, C) x C) x Im(H,(T, U,)) — H4(T/e, C x Ui) x € x Uj). 


Now, Diagram (79) is obtained by taking the left-hand square of Diagram (82) and projecting 
the bottom row of to its complex part. 
We can enlarge Diagram 79 to 
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$(D) —“—> $9(P/e) «8 ——> U(T/e)«D = $3(T) 


NE | | 


Н\(ТГ,С) (уе C) x C —— CET) x C xpo 


The left square is our original Diagram. The right-square is obtained by taking the x-product of 
the Cartesian square (78) (with Г replaced by Г/е) with 9. 

To show that the left square of Diagram (83) respects perverse filtrations, it suffices to show 
this for the right square and the total rectangle. Both follow by Corollary 10.2.6 and Corollary 
A.5.3. 


Theorem 10.2.9. There is a Cartesian diagram 
DT \e) —— 9(Г/е) «n 
(84) l | = 
Н.(Г\е, C) —> Hi(T/e, C) 


Here the bottom arrow is the pushforward along the composition T V e Г — Г/е. 
Moreover, the pullback on cohomology K% preserves the perverse filtrations given by this dia- 
gram. 


Proof. We start by constructing the diagram. By Lemma 5.6.4, we have a Cartesian diagram 


DT \ е) > (S(T/e) x n)/Ui 


(85) | Jem 


Н, (Г\е,С x U;) EL Н, (Г/е, C x U;) xCx U,. 


As in the proof of Theorem 10.2.8, this diagram factors as a pair of Cartesian squares 
(86) 
D(T \ е) “n » D(T/e)xn › (D(T/e) x n)/U, 


| | | pace 


H,(T \ e, C) x H(TVe,U,) ——> H4(T/e, C) x € x Im(H (T \ e, U) ——> Hi(T/e,C x Uj)) x € x U). 


Diagram (84) is obtained by taking the left-hand square of Diagram (86) and projecting the 
bottom row of to its complex part. 
We can enlarge Diagram (84) as follows. 


DT \ e) —*— 9(Г/е) x n — U(T/e) xn = VT Ve) 
ZEN | 
HaT \е,С) — Hills C) жос 


The left hand square is our original (84). The right-hand square is obtained by taking xn with (78) 
(with Г replaced by Г/е). 
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To show that the left square of Diagram (87) respects perverse filtrations, it suffices to show 
this for the right square and the total rectangle. Both follow by Corollary 10.2.6 and Corollary 
A.5.3. 


10.3. The perverse Leray filtration and the € filtration. 


Theorem 10.3.1. There is an isomorphism H*(S(D),Q) = H*(€,Q) identifying the perverse 
filtration with the € filtration. 


Proof. By Corollary 8.4.3 and Theorem 10.2.7, it suffices to study the perverse filtration on the 
central fiber induced by the map qres : Y(T, п) > CP, 

We have shown in Theorem 9.5.2 that gres is projective in a neighborhood of the central fiber; we 
henceforth restrict to this neighborhood. Recalling that Y(T, n) is nonsingular, we may therefore 
apply the decomposition theorem of [BBD] to conclude qres+Q is a direct sum of semisimple 
perverse sheaves. 

Let др. be the restriction of qres to the complement of the coordinate hyperplanes. One summand 
of dres «О is therefore CD; ГС (7а, +Q). Of these, the summands with j < k contribute to the k’th 
step of the perverse Leray filtration. 

Comparing Proposition 9.2.1 to [MSV, Eq. 3.7], we see that the local systems 270°, „О con- 
sidered here are isomorphic to those called A? R'z. Q|s,., in [MSV]. (See Remark 1.2.2 for some 
further discussion about the similarities and differences between qres and the relative compactified 
Jacobian for the versal family of a nodal curve with dual graph Г.) 

In general, there is a formula [CKS] for the stalks of the intermediate extension of a local system 
across a normal crossing divisor. [MSV] explicitly computed in the case of the local system at 
hand; the result [MSV, Lem. 3.6] was that IC (R?q?..,Q)o is computed by the complex we have 
here called €*. 

We have seen there is a summand H° (€(T), Q) C Н°(9(Г), Q), such that the perverse filtration 
on the later restricts to the € filtration on the former. It remains to show this inclusion is an equality. 
By the argument of [MS, Prop. 15], it suffices to check the equality of weight polynomials. The 
calculation for Є(Г) is carried out in [MSV, Cor. 3.8], and for the central fiber of D (Г) in Theorem 
9.4.3 above. The results agree: each is 2^: times the number of spanning trees of Г. 


Remark 10.3.2. We will later show in Theorem 11.1.6 that B(T) retracts to 9(D), hence in par- 
ticular has the same cohomology. We also know that Н° (93 (Г), Q) = H*(C(D), Q) from Theorem 
6.6.8. It follows that H*(€(D), Q) and H*(2(I), Q) have the same total dimension, hence that the 
inclusion H* (€(D), Q) C H° (D (T), Q) must be an isomorphism. This is an independent argument 
from the weight polynomial one given above. 


We record the following special case. 


Corollary 10.3.3. The perverse Leray filtration on H* (S, ©) with respect to the map q : D —> D 
is the filtration by cohomological degree. In other words, 

Р.Н (Э, ©) = H°(9, Q), 

BP,H*($, Q) = H='(9, Q), 

P:H° (D, Q) = Е; Q). 
Proof. One can of course verify this by direct geometric arguments. Here we simply note that 
since the cohomology of 9 has rank at most one in any given degree, it is enough to determine the 


associated graded of the perverse Leray filtration. This in turn is computed by the case Г = (№ of 
Theorem 10.3.1. 
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Remark 10.3.4. Comparing the formula for weight polynomials in [MSV, Cor. 3.8] with the for- 
mula in Remark 9.4.5, we see that in fact every summand of (фев : Y(T, n) — CF(?),Q has full 
support; in particular, ?R? qresxQ = IC(RI¢°.,,.Q). 

By contrast, (q : D(T, n) — Н,(Г,С))„© can have summands supported in positive codimen- 
sion. 


Remark 10.3.5. By combining Theorem 10.3.1 with the results of [MSV], we establish the isomor- 
phism Н*(®(Гу;)) = D(X) asserted in Remark 1.2.2: both sides are computed by €* (Г). 


10.4. Compatibility of a? with perverse filtration. Following convention (10.0.1), each term of 
the Dolbeault deletion-contraction sequence (dashed sequence in Diagram (70)) carries a perverse 
Leray filtration. We will translate the filtration on the left-hand term by one step - this is analogous 
to the Tate twist occuring in the $8-DCS. We denote the resulting filtered vector space by H* ?( X x 
So, Q){—1}, so that P,H* ?(X x S5,Q)(—1) = P, ,H* ?(X x Sg, Q). That is, we consider: 


c9 


(88) 


Proposition 10.4.1. The map a? of (88) is compatible with the perverse Leray filtration. 


Proof. By combining Proposition 10.1.1, Theorem 10.2.8, and Theorem 10.2.9, we learn that a? 
of Equation (88) (not necessarily strictly) preserves the perverse filtration. 


Remark 10.4.2. We will eventually show strict compatibility of all maps in (88) with perverse 
Leray filtrations, but only by first proving that P=W compatibly with an intertwining of the deletion- 
contraction sequences (which in turn will require having first proven Proposition 10.4.1). Recall 
by contrast that strict compatibility of (32) with weight filtrations followed from from general 
considerations. 


Corollary 10.4.3. The Dolbeault deletion filtration is bounded by the perverse Leray filtration. 


Proof. Using Proposition 10.4.1, we find D;H*(S(D), Q) C P,H*(M(T), ©), by the same argu- 
ment as we used in Theorem 6.7.1 to establish (43). 


11. COMPARISONS 


11.1. “Hodge” correspondence. We will construct a homotopy equivalence 9 — $8, which we 
use to induce a homotopy equivalence 9(Г) > B(T). 


Lemma 11.1.1. Let j: Cx U; 2 C* XR be the group isomorphism (z, е2") — (e279*1m(G). Re(z)). 
There is a (non-unique!) U,-equivariant C® embedding $: D — $8 such that the following dia- 
gram commutes. 


S сз» ж 
ха] ILES 
) x Ui NUES C* x R 


Proof. We write 09 = 1 x 0 € D x U; and 0g = 1 x 0 € C* x R. Evidently f(05) = Ox. 

The maps и х u} and и! x q define principal U;-bundles P5, Pa away from the point 0% 
and 0% (Lemma 6.1.2 and Proposition 7.2.6). The restrictions of these bundles to D х 0; \ 05 are 
classified by their Chern characters c1(P;) € H?(D x U; V 05, Z). The group H?(D x U; V 0s, Z) 
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is spanned by a small sphere around 05. It follows that a U;-equivariant isomorphism over a small 
disk around 0$ — 0» can be extended to such an isomorphism over all of D x U; \ 05. We must 
show that some such isomorphism extends over 05. 

Both spaces % and D have a single U, fixed point, with image 0s and Op respectively. By the 
differentiable slice theorem, the fibration near a small neighborhood of 0s (or 05) is equivariantly 
diffeomorphic to that given by a linear circle action on the unit ball in IR^. We have seen that our 
actions have no nontrivial stabilizers away from the fixed point; it follows from this that the circle 
acts by the identity character, its inverse, or a sum of these. In any case, in the coordinates of our 
descriptions of both of these spaces, the U, action around the fixed point was explicitly given in 
complex coordinates as (x, y) — (rz, T 14). 

The above argument suffices to establish that some map lifts to an equivariant embedding. To 
see that this is true for f specifically (or indeed, any homotopy equivalence carrying 0s — 0s), it 
suffices to note that if IR^ — IR? is the Hopf fibration, then any diffeomorphism IR? — IR? fixing 
the origin lifts to an equivariant diffeomorphism of Hopf fibrations. This again follows from local 
linearity at the fixed point. 


Let B< be the image of $; alternatively, B< is the preimage of f(D x U1). 


Lemma 11.1.2. BS is a diffeomorphic homotopy retract of B. 


Proof. Let r: C x I — C be a linear retraction of C onto D. As in the proof of Corollary 7.2.12, 
this induces a diffeomorphism and homotopy retract B > $957. 


Lemma 11.1.3. So = $ (5) 


Proof. Each is the moment preimage of a half line, and we have chosen f to identify these half- 
lines. 


We turn to the case of (I) and B(T). We restore now the moment map parameter 7 in our 
notation, since it plays a priori different roles for B and Э. 

We have defined B(T) as a complex algebraic (GIT) quotient; by the Kempf-Ness theorem we 
can instead understand it as a symplectic reduction, as the following proposition shows. 


Proposition 11.1.4. There is a diffeomorphism 
BUR (D9) — BO (T, 1). 


Proof. In the construction of B(T, n), we took а (C*)”) quotient of их (7). In fact we had the 
structure of a Uy с (C*)”© action on the complex manifold и! (п) C 9320) with RV(D- 
valued moment map, induced from the U, C С“ action on B with moment map |x|? — |y|?. By 
the Kempf-Ness theorem [KN], we can replace the (C*)V ©) quotient of ит (п) by the symplectic 


reduction by UY o. (This is a particularly simple application of the Kempf-Ness theorem, since 
the (C*)” action is free on и! (т) and all orbits are closed.) The resulting diffeomorphism takes 
a point z € 0С" (T. 7) to the (C*)V (D-orbit of its image. 


The virtue of the symplectic reduction picture of the Betti space is that it is more readily com- 
parable to the Dolbeault space. More precisely we would like to compare a retracted version: 


Definition 11.1.5. $8* (D, n) := (B<)"%®*C (T, р). 
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Theorem/Definition 11.1.6. There is a diffeomorphism $r: D(T, n) — 3 <(Г, п) making the 
following diagram commutative. 


9,5 = sin) 
хае | |а 


Н.(Г,Сх U;), т< Н.(Г,С* x R), 


Here fp is the isomorphism induced by f. 


Proof. Let $: D — BS be the diffeomorphism in Lemma 11.1.1. By construction, it is U4- 
equivariant and covers a group isomorphism f: C x О, — R х С“. Hence it induces a diffeomor- 
phism 


Sr: DULV) г, n) сы (<) ULB (Г, n). 
covering the group isomorphism ў: Hı(T, C x U1) > Н,(Г,К x C*). 


We see from Proposition 5.1.4 that 9 (D, 7) is an (H! (T; U1), Н, (T; CXxU,))-space and $87 (T, 7) 
is an (H! (P; U1), Ha (T; R x C*))-space. The isomorphism f: C x 0, — R x C* allows us to view 
both as (H! (P; U1), Hı (T; C x U;))-spaces. 


Lemma 11.1.7. $г: DT, n) > B<(L,n) is an isomorphism of (H! (T; U1), Hi(T; C x U;))- 
spaces. 


Proof. This follows from U, equivariance of Lemma 11.1.1. 


Remark 11.1.8. Note that $ was not unique, and thus nor is $r. However, the group of smooth 
maps Hı (T, C x U,) — H!(T, U1) (not respecting any group structure) acts transitively on the set 
of choices. We will not need this fact in what follows. 


Proposition 11.1.9. The retraction 98 — S in Lemma 11.1.2 descends to a diffeomorphism and 
homotopy retraction from (Г, п) to (Г, т). 


Proof. We have the following diagram. 


БШ) —— ug! (n) « > BAM) 


-— | | 


di (n) —> C4(T, C x Uj) = (C x UED 


Pick a diffeomorphism 4: CF? — DET) which preserves R-lines through the origin. Linear 
interpolation between z and (г) defines a deformation retraction т: CF? х [0,1] + DET), Let 
R: (Cx EO (D x [0, 1] — (C x U,)7? be the induced deformation retraction, which is constant 
in the (U,)7( factor. Since R preserves lines in CF, R preserves dr 1077) and its stratification 
by coordinate hyperplanes. As in Lemma 11.1.2, this induces a UE КЕ retraction of 
uT (n) onto jr! (9) N (98*)70). Passing to U,-quotients, we obtain the desired retraction. 


Combining Proposition 11.1.9, Theorem/Definition 11.1.6 and Lemma 8.4.1, we see that B(T, n) 
also retracts onto тр (0), viewed as a subset of B< (T, 7) via Theorem/Definition 11.1.6. 
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11.2. Ра И, 
Proposition 11.2.1. The following diagram commutes. 
BT \ e) — B(T) 
(90) Fre] sr 
DT \e — ®(Г) 


Proof. The horizontal arrows can be defined in both cases by applying Lemma 5.6.6 to the edge e. 
This expresses (Г \ e) and D(T V e) as subquotients of DE®) and BEY) respectively. The maps 
8r and Frye are induced from the product map $7? : D2") — BED), 


Remark 11.2.2. Using Proposition 11.2.1 we could instead prove the commutativity of the Ð dele- 
tion maps a? (Lemma 8.5.4) by importing the result from the corresponding result on the maps a? 
(Lemma 6.5.4), or conversely. 


Corollary 11.2.3. The map $7 identifies the Betti and Dolbeault deletion filtrations. 


Proof. 'The deletion filtrations are determined by Gysin maps associated to the horizontal arrows 
of Diagram (90). 


Proposition 11.2.4. D;H*(2(D),Q) = PXH*(9 (T), ©). In other words, the Dolbeault deletion 
filtration equals the perverse Leray filtration. 


Proof. We know that the Dolbeault deletion filtration is bounded by the perverse Leray filtration 
by Corollary 10.4.3. Thus it is enough to show that the filtrations are abstractly isomorphic, i.e. 
that there exists an isomorphism of vector spaces taking the deletion filtration to the perverse Leray 
filtration. We produce this isomorphism via $. 

Namely, by Corollary 11.2.3, the Dolbeault deletion filtration is isomorphic to the Betti deletion 
filtration. In turn, the Betti deletion filtration is isomorphic to the € filtration by Proposition 6.6.11. 
Finally, Theorem 10.3.1 shows that the € and perverse Leray filtrations are isomorphic. 


Remark 11.2.5. To show Proposition 11.2.4 without appeal to the D C 985 comparison, we could 
argue by induction if we fixed an isomorphism between the cohomology of the D-space and the € 
complex which intertwines the deletion maps. This may be possible, since both the € complex and 
the deletion map are built from nearby-vanishing cycle operations, but we have not done it here. 


Theorem 11.2.6 (P = W). The map $1 identifies W5,H* (B(T), Q) with P,H* (D (T), Q). 


Proof. We have identified both filtrations with the deletion filtrations on the respective spaces in 
Theorem 6.7.1 and Proposition 11.2.4. The result thus follows from Corollary 11.2.3. 


11.3. Intertwining of deletion-contraction sequences. 


Theorem 11.3.1. The following diagram commutes: 


cB c 


Fy pe? Ve), Q)-1) + EBT), 0 —5 preosm/o,9) -5 
(91) |? [s pe 


c9 


2, i(9(0V 9), 9)(-1) 24 EOT), > m(/9,9) 5 
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Proof. We write 12 for the map given by the composition 9(T) 2 Hi(f,C x 0,) 2 Сх Ui, 
where the second map extracts the coefficient of the edge e. Similarly have a map t? from а 
composition B(T) > H4(D, C* xR) ^ C* xR. Because $г covers the map jr : Hı (T, C x Ui) > 
Hı (T, C* x R), it follows that we may fill in the dashed arrow below: 


(92) 
9B(T/e) = B(T /e) xc» (B \ 8») == (t8 d 1 xR} — 2 *8(Г/е) «c. B = B(T) 
| | 
D(T/e) *CxU; (D \ So) n 1х 0} —, 9(Г/е) ТА 9 = D(T) 


From (92) we obtain a map of long exact sequences of pairs (taking notations from Section A. 1 
and using in particular Lemma A.1.1), which we compose with Diagram (72), to obtain: 
(93) 


H*7?(88(P V е), О) —— HB1), Ф) —— > н'(®(г/е),0) —2 
| асус i2" [s m 

H*-?(9(T /e) xcxu, So,Q) “2+ H*(9(T),Q) 4 H*(9T/e) xcxv, (A 8%),0) —— 
| | per 

H*-2(O(L \ е), Ф) 5 н°(®(г),0) ——=— m(9(r/eg,Q) — 


Proposition 11.2.1 implies that the composition of the left vertical arrows is simply тү. To 
complete the proof of the theorem, it remains only to show that $т,, = i% (K3) po 
We will consider the following diagram. 
(94) 
*5(L/e) B(T'/e) xc» (B \ Sg) —— 5(Г/е) xu, (B \ Sg) 


Frye] sr] 8x - 


$(T/e) —— ®(Г/е) v, (D \ So) — ®(Г/е) «cxv, (D \ 89) —— ®(Г/е) «v, (D \ So) 


We have not yet introduced the maps к/ and § +e; or explained how we can xy, on the upper 
left corner; we do so now. Recall from Proposition 6.1.3 (8) that % can also be regarded as a 
(U1, C* x = C x U;) space; the B(T) etc. spaces have corresponding structures. Moreover, the 
x(c» c+) and >(v, cxu) type convolutions agree for these spaces, by Kempf-Ness. In particular, 


ф 
B(T/e) = 8(Г/е) хс» (B \ Sg) = B(P/e) xcxu, (B \ Эз) 
The map x’ is defined to be the natural map from а xc, product to a xy, product. The map 
S гез the restriction of the pullback map obtained from the xy, version of (92). It is clear from the 
definitions that the left hand square of (94) commutes. 
The map § x res is an embedding; we will show it is a homotopy equivalence. By construction, 


the retraction 8 — 3 < given by Lemma 11.1.2 is a map of (U;, U1) spaces. The same is true for 
the induced retraction B V Sy — BS V (Sẹ NBS). Likewise, the retraction B([/e) > 98*(D/e) 
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is a map of H! (T/e, U1) x H,(I'/e, U;)-spaces. The product of these retracts induces a retraction 
of B(T'/e) xy, (B V Ss) onto the image of $, „о. In particular, $7, res is an isomorphism. 

We claim all the maps in Diagram (94) induce isomorphisms on cohomology. Indeed, we have 
seen this now for all but к’, for which it follows by commutativity of the diagram. 

We would be finished if the maps к’ o $r;. and $, res о ie were equal; unfortunately, they are 
not. To complete the proof of the theorem, we will show these two maps are homotopic. 

Recall B(T /e) xy, (B \ Sx) is obtained from some moment fiber py; (б) C $8(L/e) x (B\ Ss) 
by a free ©, quotient. To distinguish the notation, we will write и (С) C D(T/e) x 9 for the 
corresponding moment fiber in the product of Dolbeault spaces. 

Define: 


f.:$8(T/e) — [C x С = B \ Sa 
y => (LG/uc«(y)) 
Consider q- ! (c) C D where e € D is a small positive real number. We have an isomorphism 
q |(e) = [U, x Ui] as a (0,, U)-manifold. 

Any two such isomorphisms differ by multiplication by a smooth section of the moment map 
[U, x U] — U. In particular, there is a unique such isomorphism which, when composed with 
б: D = B, intertwines the coordinates of 0; x U, with the angle coordinates of C* x C* : 
S (eif, e2) = (rye, 6/02) = (x, ту +1). Note that this is automatic for the second coordinate 
by the construction of $, but not for the first coordinate. 

Define: 

fir D(P/e) + [U x UJ 5 (e) C D \ So 
х к (LG/uu,(x)o) 


We define a similar map f_: B(T /e) — q^! (e) by the same formula. 
It follows from the definitions that the following diagram commutes, excluding the dashed “=”. 


8r/e 


S(T/e) 


i: Ја е f- idx ie 
(95) Hu; (C) M iit) « He (©) 
| | 


JT /e) хи, (D \ So) > B(T/e) xy, (B V Sy) € S— BT /e) ce (B \ Sm) 


To construct a homotopy between the compositions of the maps around the outside of Diagram 
95, it now suffices to show that the maps f+, f- are homotopic via a family of maps B(T /e) — 
B V Sy whose graph lies in иу (C). 

We pick a deformation retraction т; of C onto є, chosen so that it restricts to a deformation 
retraction of C V RS? onto є. For instance, we may suppose є lies on the positive real axis, and 
define r;(z) = te + (1— t)z. 

The space 93 \ Ss is a U;-bundle over C x U; V (R2? x 1), with a trivialisation given by arg(z). 
Using this trivialisation, we can lift r; to a deformation retraction 7, of B V Ss onto q-! (c) which 
keeps both U,-coordinates unchanged. 
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By definition, both f, and f_ have image contained in the image of the unit section of the U; 
bundle, and their projections to (ће U;-factor both coincide with Ç / uy, = C/ei?r&c). Then fro fy 
is the desired homotopy from f+ to f_. 


Corollary 11.3.2. 7he Dolbeault deletion-contraction sequence strictly preserves the perverse 
Leray filtration. 


Proof. Follows immediately from Theorem 11.3.1, Theorem 11.2.6 and the corresponding fact for 
the Betti deletion-contraction sequence. 


APPENDIX A. RECOLLECTIONS ON COHOMOLOGY AND FILTRATIONS 
A.1. The long exact sequence of a pair. Let A J, X be an embedding of topological spaces. 
The pullback H° (X, Q) = Н (А, Q) extends to a long exact sequence 
Э НХ, А, Ф) 295, mx, Q) 4 mi Ф) >... 


where co( f) is ће map of pairs Х, 0 — X, A. Given a second embedding В — Y апаа map of 
pairs given by a commutative diagram 


А — X 
бо E ја 
BY 


we obtain a map of long exact sequences of pairs 


— H*(Y,B,Q) —> H*(Y,Q) — H*(B,Q) —> 


(97) [Bs lr [Fe 


— 3 M(X, A,Q) — НХ, 0) — H(A, Q) — 


Lemma A.1.1. Jf A,B are codimension d submanifolds of X,Y, we can identify Fi with 
(Flaa): НУ \ B,Q) HX V А, Q). 


A.2. The residue exact triangle. Recall that if X is a topological space and p: V — X isa 
closed subset, and q: X V V — X its open complement, then there is the Verdier dual exact 
triangle of a pair: 
[1] 
p.p Cy — Cx = С х\у ==» 
In сазе Х is a smooth complex manifold and D is a smooth divisor, this becomes 


[1] 
Cp[-22] > Cx > Ср > 
We can take analytic de Rham resolutions of the constant sheaves to obtain 


(98) їй E о 
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In this setting one can replace q. Q5. p by the complex of differential forms with log poles along 
D, which we denote Q% (р): Having made this replacement, the connecting map тау be identified 
with the residue (see e.g. Шш П.3]). Thus 


QS. 2 POS := Cone(QY р 2% p.Qh[—1])[-1] 


where the map is the inclusion of forms into log um Q5. OS ру: Note that POS. (tauto- 
logically) allows us to replace the residue exact triangle (98) with the (quasi-isomorphic) triangle 
associated to the exact sequence of complexes 


(99) 0 > p,Q5[-2] > PAS > OX py ә 0 


More generally, if X is a topological space with an increasing filtration by closed subsets X,, C 
Xn-1 C++: С Xo = X, then we may iterate this procedure to obtain an expression for Cx as a 
twisted complex on the sum of shifts of the star pushforwards of the Cx,\x,,,. 

When X is a complex manifold, D = |) Dx is a normal crossings divisor, and X; above is 
the codimension 7 intersections of the Юк, this complex can be explicitly described in terms of 
differential forms with log poles, as in the case of a single divisor above. This construction is 
presumably standard, but we did not find a convenient reference, so give some details here. For 
convenience we assume X affine and pass to termwise global sections of de Rham complexes. 

Again we write Оер у for the complex of holomorphic differential forms with log poles I 
D. Recall this means "at i in coordinates where D is cut out by Į |; 2; = 0, the sheaf Q% 
locally free and generated over Q4 by dlog 2; and Op у is the exterior algebra on Okt de 
equipped with the de Rham differential. 

We fix notation for indexing divisors. Given J C {1,...,n}, let S; be the intersection of com- 
ponens D; for j € J, and D be their union. Write J^ for the complement of J. Note that 
Ky := S; D^ is a normal crossings divisor in 9; let hs J 1= S; \ Ку be its complement. 

Suppose 7 ¢ J. We take the residue of a form in 095 (ку along the component D; П D? of Ky: 


А 1—1 
Ie ` Оюк > ИИ 


Definition А.2.1. Let РОЗ" := Dizz 95, uc; and POS = Ө DQ?*. The latter carries the de 
Rham differential dag of bidegree (0, 1), and an endomorphism d,es, given by the sum of all residue 
maps, of bidegree (2, —1). 


Lemma A.2.2. We have d2, = d?.. = (dag + dres)” = 0. 


uc а = 0 is of course standard. To show 02, = 0 , we must check that for апу two distinct 
j, j^, the corresponding residue maps in dyes anti-commute. The two different compositions corre- 
spond to integration over a 2-torus with the two opposite orientations, which implies the result. 
To verify (dar + dres)? = 0, it remains to check that dardres = —dresdar. Let us focus on the 
term res. y; of dres taking the residue along 21. We can locally write any form as a sum of terms 
Ј(2) 2 d ш or f(z)w, where w is a dag-closed form nonsingular along 21. In the first case, we have: 


res dare (2) = —df(z)w dag res fae = df(z)w 


Here we have used the same notation for a form nonsingular along zı and its restriction to zı = 0. 
In the second case, both sides vanish. This concludes the proof. 
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We henceforth regard PO% as a singly-graded complex (the sum of the previous gradings) 
equipped with the differential dar + dres- This complex retains a filtration by the size of J (the first 
degree of the bidegree). 

As (Sj, Ку) and (X V Sj, DN S;) are again pairs of a space and normal crossings divisor, we 
also have complexes ^7 Ot, and D\S3 OSs,- We additionally define Og С D\SI (e 55s, as the 
subcomplex of forms hon extensions to Miis closure e ne ш Ко in X have log poles 
along 5 у, when this is a divisor. The inclusion p O5 5) © Vers. sp being built from inclusions 
of log de Rham complexes in de Rham CONES. | а quasi-isomorphism. 


Proposition A.2.3. For any J, there is an exact sequence of complexes 
(100) 0 5205 [-2]J[] + POX 2 POS s,) 0 
where the first map is the inclusion of summands from Def. A.2.1, and the second map is the 


projection onto the complementary summands. 


Proof. There is evidently such an exact sequence of underlying graded spaces; indeed a split one, 
which remains split upon imposing the differential daz which preserves the terms associated to any 
given stratum. The differential d,.., carries terms associated to some stratum to terms associated to 
its closure, hence still respects the above maps. 


Remark A.2.4. The corresponding projection map PQ% — 2\57 QS. s, is not surjective, since 
forms in the codomain are not required to have simple poles along 5. 


We have a natural inclusion Q% — 705, defined by the inclusion 05. > Q*. y» the latter being 
a summand of the underlying graded vector space of 20%, and dres restricted i QM image of Q% 
being trivial. 
Proposition A.2.5. The inclusion of complexes QS. — PQS, is a quasi-isomorphism. 


Proof. We proceed by induction on the number of components of D. The statement is tautologous 
when D has no components. Choose a component D; of D. Consider the diagram: 


Op [al eee О ——> Cp, ——3 


| | | 


Fiat, [-2] — РО —— Pas, —> 


Here, the upper triangle is (98), the lower triangle is the triangle associated to (100), the vertical 
arrows are the inclusions of forms into log forms on the appropriate stratum, the dashed arrow is 
dashed as a reminder that it is defined only in the derived category (and the commutativity of the 
left square must also be understood in the derived category). 

By induction the left vertical map is a quasi-isomorphism. The right vertical map maps to 
Qf D; > HOS XD; by quasi-isomorphisms, and this latter map is itself a quasi-isomorphism by 
induction. Hence the center vertical map is a quasi-isomorphism as well. 


Corollary A.2.6. The exact triangle Cp,[—2] > Cx — j4.Cxyp, is quasi-isomorphic to the 
triangle Eit [-2] + 205 ә POS у 


А.З. Filtrations. If V is a vector space with an increasing filtration F, we write the steps of the 
filtration as 


-CPFaQVCPFVCHRHVC-- 
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We recall 


Definition A.3.1. Let V, W be filtered vector spaces. A map g : V — W is said to be: 
(1) compatible with the filtrations if g(F, V) C FW 
(2) strictly compatible with the filtrations if FW N g(V) = g(F&V) 
We will also synonymously say the map (strictly) preserves or (strictly) respects the filtration. 


The significance of the strictness condition is: 


Lemma A.3.2. Let... > V. , 5 Vg A Vi > ...bea long exact sequence of filtered vector spaces, 


whose maps strictly preserve the filtrations. Then the sequence defined by the associated graded 


r(a r(b 
spaces ... > gr, V. mum. gr, Vo LN gr, Vi — ... is also exact. 


Proof. We first show check that the kernel of gr(b) contains the image of gr(a). Given u € F;V, 
write gr;(u) for the associated element of gr; V. Consider w € FV. By exactness of the original 
sequence, b(a(w)) = 0. It follows that gr(b)(gr(a)(gr,(w))) = 0. 

We now show that the image of gr(a) contains the kernel of gr(b). Suppose v € FkVo satisfies 
er(b)(gr,(v)) = 0. By definition, this means b(v) € Fi 4Vi. By strictness of b, there exists 
v' € Fi 4Vo such that b(v^) = b(v). By exactness of the sequence, there exists w € V_, such that 
a(w) = v — v'. By strictness, there exists w’ € FkV—ı with the same property. It follows that 
gr(a)(gr(w')) = gr, (v — 0) = gr, (v). 
Caution A.3.3. For a fixed short exact sequence 0 + А — В — C — 0 of vector spaces, and fixed 
filtrations on A, C, there are many filtrations on P such that the maps strictly preserve filtrations. 
Indeed let A and C be one-dimensional, with gr, A = А, gro C = C. Then the filtration on В is 
determined by the subspace FoB = C. The only condition on АВ is that is must intersect the 
image of A trivially. 


A.4. Weight filtration. According to [Dell, Del2, Del3], cohomology of an algebraic varieties 
carry various filtrations, strictly preserved by pullback with respect to any morphism of algebraic 
varieties. Of relevance to us here is the weight filtration, defined on the rational cohomology, and 
denoted W,H*( X, Q). It is an increasing filtration, with W.H” (X, ©) supported in degrees [0, 2n] 
in general, and in degrees [0, n] and [n, 2n] if X is projective and smooth respectively. 

The weight filtration of a smooth variety .X is defined by choosing a normal crossings compacti- 
fication. Then the complex cohomology of X is computed by a complex of differential forms with 
log singularities along the boundary, апа W,,;,H*( X, О) is generated by the subsheaf of forms 
singular along at most k different boundary components near any given point. 

In this sense, the size of Сту ,H*(X ‚ Q) for k > 0 is a measure of the non-compactness of X. 


A.5. Perverse Leray filtration. Let B be a topological space. For a complex of sheaves К on В, 
one can define a filtration on the (hyper)cohomology of К°* by cutting off the complex: 


P,H*(B; К) := Image(H* (B; TK) 2 H*(B; K)) 

In case one has another ?-structure available — in our case the middle perverse ?-structure for 
constructible sheaves on algebraic varieties — one gets a similar filtration by using the truncations 
of the ?-structure. We term the resulting filtration the perverse filtration. 

In the setting where one has a тарт: X — Band K = п, Е, the perverse filtration on K is the 
filtration which arises on H*( X; F) from the perverse t-structure Leray spectral sequence. Thus 
it is called the perverse Leray filtration on H*(X; F). See [ACHM] and the references therein for 
discussion of this filtration. 
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Convention A.5.1. Let / : X — Y be a map of algebraic or complex analytic spaces. When 
we discuss the perverse Leray filtration H*( X, Q) associated by f, i.e. the perverse filtration on 
H*(f.Q), we always shift the filtration so that P. ; = 0 and 1 € P9H*( X, 0). 

In some circumstances, we may wish to further shift the filtration. We will write H*( X, Q){n} 
to indicate we have shifted the filtration by n steps, i.e. P,H*( X, Q)(n) = Р, „НХ, Q). 


Pullback and pushforward operations generally respect only ‘half’ of the perverse t-structure. 
As a consequence, the perverse Leray filtration is not generally preserved by base-change. (In 
particular, the perverse Leray filtration of the base-change to a point is always trivial, in the sense of 
agreeing with the filtration by cohomological degree.) However, base-change which is “transverse 
to the singularities of the sheaf" does respect perversity. This can be precisely formulated in the 
language of microsupport of Kashiwara-Schapira, as we now recall. 


Proposition A.5.2. [KS, Cor. 10.3.16] Let N C M be an inclusion of smooth complex submani- 
folds and F a perverse sheaf on M. If N is noncharacteristic for F, i.e, ss(.F) OTM C Tx, М, 
then .F|w|dim N — dim M] is perverse. 


Corollary A.5.3. Consider a diagram of complex manifolds 
40 
(101) | | 
B — D 


Then H* (C, C) and H* (A, C) have perverse Leray filtrations coming from the maps to D and D. 
If the vertical maps are proper, and the diagram is Cartesian (A = В x p С) and transverse, then 
f* : H*(C,C) ^ H*(A, C) strictly preserve the perverse Leray filtrations. 


Proof. Follows from Proposition A.5.2 and the standard microsupport estimate for proper pushfor- 
ward ([KS, Prop. 5.4.4]). 


APPENDIX B. А HOLOMORPHIC EMBEDDING 9, C $8 


Here we recall a more canonical choice of the embedding $ of Lemma 11.1.1. The construction 
is due to Yang Li. We do not logically depend on this result, but it provides a better analogy with 
the hyperkáhler aspects of the nonabelian Hodge diffeomorphism. 

The sphere of complex structures compatible with the hyperkáhler metric on D are parametrized 
by a choice of unit vector s € В, as described by (45). So far, we have considered the complex 
structure Je, on D, with respect to which the fibers of D — D are complex subvarieties. On 
the other hand, the complex structures Г, +ьез for different (a,b) € 5 ! define biholomorphic 
manifolds, because the function V is symmetric under rotations of the ех, e3-plane. They were 
described in [Li]. For concreteness, let J be the complex structure associated to ез, and let Dy 
denote the manifold Ð with this choice of complex structure. Let 7 = ш + tuz be the complex 
part of the moment map. The map exp(27i7) : 9; — C* is holomorphic with image the annulus 
exp(—-2-r) < |z| < ехр(27т). Its fibers are complex surfaces, which are topologically annuli 
away from 1 € C*. Holomorphic coordinates on these fibers can be constructed as follows. 


Theorem B.0.1. [Li, Section 1.3.2] There is a holomorphic embedding 9; — C? \ {xy = 1}, 
identifying exp(27in) with 1 — xy and из with a strictly monotonic function of |x|? — |y|? (for fixed 
n). 
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Proof. We summarize Li’s argument here, adapting the notation slightly to match our own, and 
refer to [Li] for details. The first task is to define holomorphic functions x, y : 9; — C satisfying 
ту = 1 —exp(27in). Let 0, € C and consider the following one-forms on 9; \ {7 € Z}: 


k 
1 из 
Са = Vdus + i0 + ШЛЕ А + lim — d 
° 2 E 2(n+n) 2(7 + т) уи + |n +n}? 


А из 
С = —Vdus — i0 + T dh. + lim | d 
| І н 2(n + п) уй + |n +n]? 


The apparently singularities of the second Ta at 7 € Z can be eliminated if we assume из Z 0. 
On the other hand, the singularities at € 2, из = 0 cannot be removed. A direct calculation 
shows that away from this locus Ç+, Çy are closed Z-invariant (1, 0)-forms. 

The line integrals f C, f C, therefore define local holomorphic functions on 2; away from 
п € Z. Moreover, the period around а U,-orbit is 277, and for a unique choice of 0,5 the period 
spanning a Z-translation also vanishes. One therefore has global holomorphic functions 


в=ехр(] 6), у= exo G) 


on D; defined away from из < 0,7 = 0 and из > 0,7 = 0 respectively. Moreover, а direct 
calculation shows 


(102) Gs + бу = dlog(1 — exp(2rin)). 
and therefore 


zy = 1 — exp(27in) 
wherever the left-hand side is defined. This in turn proves that x, y extend to holomorphic functions 
on all of D z, vanishing along из < 0,7 = 0 and из > 0,17 = 0 respectively. 

Finally, we check that the map (x,y) : 9; — C? is an embedding. It is enough to verify that it 
restricts to an embedding on any fiber of exp(2777). Each such fiber is a U;-bundle over an interval 
а < из < b. The restriction of C; to such a fiber equals Vdu3 + 10. It follows that x restricts to 
f (V.dua + if). The injectivity of x follows from the fact that V is everywhere positive and 0 is a 
connection one-form. The claim regarding из = ua(|x|? — |y|?, n) likewise follows from the fact 
that V is everywhere positive. 
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